
���������
	������������	����
�������
� �"!#�$��!
�%���'&(!
�"�)�*!#�
�+�#�+,-�
!/.*�*�10"��2��"�

354�67�$8(9
6:�1�*�*�$;<�)�����+�*�=0?>@�A�*B?��	/;<�C��"D:�*�

EGF�HIFKJML

NPOMQ�R
SUT?SCQ�V
W)XUY[Z]\_^a`�bc^adfeUZ@^7gU^5b-h�i/bj^5b-g(\ XU`kg�i�dml@^aY[h�i�YnYcoqp$r/`sgUout�`Ulwv[Z�ixYc^aZ�i�vnl@r/`

R y i�Y c R c′
bnl�Z]\_r/` y ^aXUvzi�ZwZ@^aY-gU^{Z�ih�i/bc^

c | Z�i}h�i/bc^ c′
^a`sbc^~gUo y Z�i/��i�`)vzgU^~�
i�X�hc��^ | gCYcr/lwvc^qp y XUl@b gU^�e�i/b-^a`���i�XUv��"Z@^5b-gUo y Z�i/h5^ad�^a`)vcb y ^aXU�#^a`)v� vnYc^I`
XUZ@b��u�

R
^5bnv��?^aZwZ@^IXU`�^fYc^aZ�i�vnl@r/`�g(\_r/YcgCYc^���W)l�r/XUl]p�Z]\_r/YcgCYc^P^5bnv��]lwZ�vcr/vji�Z�r/X y i�Ynvnl@^aZ����Mv�bnl�Z]\_r/`=lw`
vc^aYcgClwvh5^aYnvji�lw`�^5b�h�i/bj^5b~gCX�g�i�dml@^aY1�

NPOMQ�R
SUT?SCQ��
� `�^�Yc^aZ�i�vnl@r/`

R
gUout�`Ul@^�g�i�`�bMXU`�^a`�bc^adfeUZ@^

E
^5bnv�gClwvc^ �A�*!
0A����� g�i�`�bMXU`�^�Yc^aZ�i�vnl@r/`

S
�AgUout�`Ul@^~bnXUYMZ@^�d � d�^

^a`�bc^adIeUZ@^�zbnl y r/XUYzvcr/X�b�oaZ@oad�^a`)vcb x
^av

y
gU^

E

xR y ⇒ xS y

� i�`�b~h5^}h�i/b�p y i�Yndml�Z@^5b y Ycr y Ynl@oavco5b{bcXUlw�/i�`)vc^5b�pUZ@^5bc�)X�^aZwZ@^5b~bcr/`)v~�)Yji�l@^5b��� ��W)l
R
^5bnvzXU`%r/YcgCYc^qp�i�Z@r/Ycb

S
i�X�bjbnl]�

� ��W)l
S
^5bcv~XU`�r/YcgCYc^qp�i�Z@r/Ycb

R
i�X�bjbnl]�

�Mv�p�^a`�bcX yUy rqbji�`)v��)X�^ R
^av

S
bcr/`
v�eUl@^a`�gU^5b~r/YcgCYc^5bf�

� ��W)l
R
^5bnvzXU`%r/YcgCYc^xvcr/vji�Z]p�i�Z@r/Ycb

S
i�X�bcbnl]�

� ��W)l
S
^5bcv~XU`�r/YcgCYc^xvcr/vji�Z]p�i�Z@r/Ycb

R
i�X�bcbnl]�

� ��W)l
R
^5bnvzXU`%r/YcgCYc^xeUl@^a` �¡r/`�gUoqp�i�Z@r/Ycb

S
i�X�bcbcl]�

¢ ��W)l
S
^5bcv~XU`�r/YcgCYc^xeUl@^a` �¡r/`�gUoqp�i�Z@r/Ycb

R
i�X�bcbcl]�

NPOMQ�R
SUT?SCQ�£
� i�`�b~h5^aYnvji�lw`�b�r/XU�$Yji��#^5b�p�r/`�vnYcr/XU�#^xZ@^5b~gUout�`Ulwvnl@r/`�b�bcXUlw�/i�`)vc^5bf�

¤ � `�^�Yc^aZ�i�vnl@r/`
R
bnXUY~XU`�^a`�bj^adfeUZ@^

E
^5bnv}¥"¦�¦c§"¨~©nª/¥"«�©Pbnl y r/XUYzvcr/XUv x

g�i�`�b
E
pUr/`%i

¬(xR x)
�

¤ � `�^�Yc^aZ�i�vnl@r/`%g(\�¬q¦�/¦c©f®u¯A¦u¥¡°5¯�bnXUY
E
^5bnvzXU`�^xYc^aZ�i�vnl@r/`%vnYji�`�bnlwvnlw�#^}^avzlwYnYcou±�^u²Clw�#^fbnXUY

E
�

� �{³[^avnvc^fgUout�`Ulwvnl@r/`%^5bnv��?^aZwZ@^}h5r/��oaYc^a`)vc^Ii��#^5hfh5^aZwZ@^}gCX�h5r/XUYcb1�I�M`��)X�^aZ�bc^a`�b��
� �~´�^aXUv��?r/`=Yc^ad y Z�i/h5^aYPµ¶lwYnYcou±�^u²$lw�#^�· y i�YIµ¶`�r/` Ycou±�^u²$lw�#^{·z�f´�r/XUYc�
X�r/l��

NPOMQ�R
SUT?SCQ¹¸
º{` h5r/`�bnl@gU»aYc^xXU` ^a`�bc^adIeUZ@^x�
X�^aZ@h5r/`��)X�^

E
dfXU`Ul:g(\ XU`�r/YcgCYc^ y i�Ynvnl@^aZ ≤ �Uº{` bnX yUy rqbc^��)X�^ E

h5r/`)vnl@^a`
v{XU`
oaZ@oad�^a`
v

e | Z�ik�¡r/l@b}d+i�²Clwd+i�Z-^avIdmlw`Ulwd+i�Z y r/XUYfZ]\_r/YcgCYc^ ≤
�:´�i�Yndml-Z@^5bP�
X�i�vnYc^ y Ycr y rqbclwvnl@r/`�bIhal¼�?gU^5bcbjr/X�b�pZ�i/�)X�^aZwZ@^}^5bnvz�$Yji�l@^��}½qX�bcvnl¼t�^aY��

� �{³[^}`:\_^5bnv y i/b y rqbcbnlweUZ@^m�CXU` vc^aZ�^a`�bj^adfeUZ@^}`:\_^u²Cl@bnvc^ y i/b��� �
E
`:\¾i��
X:\ XU`%oaZ@oad�^a`
v��

� �
E
imi�X�d�r/lw`�b~gU^aXC²�oaZ@oad�^a`
vcb�lw`�h5r/d y i�Yji�eUZ@^5b��� �{W$r/lwv

E
`:\¾i��)X:\ XU`�oaZ@oad�^a`
v�p1bcr/lwvzlwZ y rqbcbc»5gU^}i�X d�r/lw`�b�gU^aXC² oaZ@oad�^a`
vcb{lw`�h5r/d y i�Yji�eUZ@^5b��

�



NPOMQ�R
SUT?SCQ��
º{`=`�r/vc^f��i�eUlwvnX�^aZwZ@^ad�^a`)v

A∗
Z]\_^a`�bc^adfeUZ@^�gU^Ivcr/X�b{Z@^5b{d�r/vcb��
X�^fZ]\_r/`
v y ^aXUv~�¡r/Ynd�^aY�i��#^5hIZ@^5b{Z@^avnvnYc^5b�g(\ XU`i�Z y ��i�eK^av A

p�^av
|u|

Z�iPZ@r/`U�qX�^aXUY{g(\ XU`�d�r/v
u
���%r/`)vnYc^aY��)X�^xZ�iPYc^aZ�i�vnl@r/`

�
gUout�`Ul@^IbnXUY

A∗ y i�Y

u � v ⇔
bcr/lwv

|u| < |v|
p�bcr/lwv

u = v

^5bnvzXU`�r/YcgCYc^fbnXUY
A∗
��³[^av{r/YcgCYc^}^5bnv��]lwZ(vcr/vji�Z��feUl@^a` �¡r/`�gUo��

NPOMQ�R
SUT?SCQ��
�=r/`
vnYc^aYz�
X�^{Z]\_r/YcgCYc^7Z@^u²$l@h5r/�qYji y �Ul@�)X�^xbnXUY N

2
^5bcv-eUl@^a`s�Ar/`�gUo{d+i�l@b�Z]\_r/YcgCYc^7Z@^u²$l@h5r/�qYji y �Ul@�)X�^�bnXUY A∗

`:\_^5bnv
y i/bzeUl@^a` �¡r/`�gUoq�

NPOMQ�R
SUT?SCQ��
³[r/dmd�^a`
v y ^aXUv��?r/`�`
XUd�oaYcr/vc^aY7vcr/X�b~Z@^5bzd�r/vcb{bnXUY~XU`�i�Z y ��i�eK^av~t�`Ul���� �
X�^aZ�r/YcgCYc^fbnXUY~Z@^5bzd�r/vcb{h5r/YnYc^5b��
y r/`�g h5^avnvc^x`
XUd�oaYcr/vji�vnl@r/`{�

NPOMQ�R
SUT?SCQ�	
W$r/lwv

F
Z]\_^a`�bc^adfeUZ@^IgU^5b��¡r/`�havnl@r/`�b y i�Ynvnl@^aZwZ@^5b�gU^ N

g�i�`�b
N
��º{`�gUout�`Ulwv~Z�imYc^aZ�i�vnl@r/`

�
g�i�`�b

F y i�Y

f � g ⇐⇒

{ � r/d
(f) ⊆

� r/d
(g)

∀x ∈
� r/d

(f) f(x) = g(x)

� �
�=r/`
vnYc^aY7�
X�^
�
^5bcvzXU`�r/YcgCYc^ y i�Ynvnl@^aZ]�� �~´�^aXUv��?r/` h5r/`�bnvnYnXUlwYc^ y r/XUY �

XU`�^kbnXUlwvc^ lw`Ct�`Ul@^ haYcr/l@bcb�i�`
vc^���XU`�^ bcXUlwvc^slw`Ct�`Ul@^kgUo5haYcr/l@bcb�i�`
vc^���XU`�^
i�`)vnl@hc��i��@`�^k�A^a`�bc^adfeUZ@^Ig(\_oaZ@oad�^a`
vcb7gU^aXC² | gU^aXC² lw`�h5r/d y i�Yji�eUZ@^5b��~lw`Ct�`Ul@^��� ��{X�^aZ@b�bcr/`
v�Z@^5bzoaZ@oad�^a`
vcb~d+i�²$lwd+i�XC²(pCdmlw`Ulwd+i�XC²kgU^

(F ,�)
��� i��]v��]lwZ(XU` y ZwX�b��qYji�`�g oaZ@oad�^a`)v1�}XU`

y ZwX�b y ^avnlwv~oaZ@oad�^a`)v1�

�


