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Algorithmic problems.
P=(X,=)and M = X*/ =.

The Word Problem:
instance: u,v € X*
question: v = v?

The Emptiness Problem for boolean combinations of rational
expressions:

instance: A boolean combination of rafional expression E
over the alphabet X.

question: L(E, M) = (7
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0.1- INTRODUCTION-PROBLEMS
The Satisfiability Problem for Equations:
instance: u,v € U* x M
question: o : U* — M,o(u) = o(v)?

The Safisfiability Problem for Equations with rationadl
constraints:

instance: u,v e U*, C:U — B(Rat(M))

question: do : U* — M,

o(u) =c(v) A\VU elU,a(U) € C(U)?
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0.2- INTRODUCTION-MOTIVATIONS

Solving equation:

- Is a more general problem than:

“conjugacy problem (case of groups)

“memibership problem for submonoids or subgroups (even if
non finitely generated)

- Is a natural thema in mathematics
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0.2- INTRODUCTION-MOTIVATIONS

Solving equations with raftional constfraints:

- Is even more general than solving equations

- Is a useful tool for solving equations in monoids

l.e. even for groups where rational constraints might e
undecidable !

- Is a useful tool for solving inequations in groups.
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Positive results:

(Lyndon 1960, Lorents 1968, Makanin 1977, Makanin 1983,

Schulz 1991, Razborov, 1989, Rips-Sela 1995,
Diekert-Matiyasevich-Muscholl 1999, Plandowski 1999)
Diekert-Hagenah-Gutierrez 2001: equations with rafional
constraints in free groups,

Diekert-Lohrey 2004: transfer theorem for graph products,

Negaftive resulfs:
(Rips 1982) (GWP in hyperbolic groups).(Rozenblatt 1986)
(free inverse monoid),...
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New results.

Theorem 1 Lef H be a cancellative monoid and G an
HNN-extension of H with finife associated subgroups. The
satisfiability problem for systems of equations with rational
constraints in G is decidable if and only if the satisfiability
problem for systems of equations with rational constraints in H
Is decidable.

Numerous variations around this result:

amalgamated product <+ HNN-extension

equations < equations and inequations <« positive FO
rational constraints <+ constants.
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Finite automata: notion of t-automaton over H « {¢t, t}*.
Word rewriting: monadic semi-Thue systems, normal form
theorems

AB-algebras: new notion

Equations in free group, with rational constraints
(Diekert-Hagenah-Gutierrez 2001)

Equations in free products (Diekert-Lohrey 2004)
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Let H be some monoid, A, B < H be subgroups, and
¢ : A — B anisomorphism. The HNN-extension of H with

stable letter t and associated subgroups A, B Is:
G=H=x{t,t}*/ ~

where = is generated by the rules:

at =~ ty(a), foralla € A,
bt ~ to~1(b), forallb € B,

at ~ tp(a), foralla € A,
bt ~ tp~1(b), forallb € B,
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1.2- HNN EXTENSIONS-T-SEQUENCES

We name t-sequence an element s of H « {t, t}*:
S = hotalhl 3 °taihi 3 'ia”hn

where n € N,o; € {+1, -1}, ¢t~ ! means the lefter t and h; € H.
s Is said reduced iff it does not contain any factor of the form
tat (with a € A) nor tbt (with b € B).
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1.2- HNN EXTENSIONS-T-SEQUENCES

Homomorphisms

H o+ {t,2}* == H=x{t,1}*/ ~ - G

We note:
Ht = H* {t,f}*/ ~
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1.3- HNN EXTENSIONS-BASIC TRANSFERS

Theorem 2 IfH has a decidable Word Problem, so has G

Theorem 3 IfH has a decidable Conjugacy Problem, so has
G
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1.4- HNN EXTENSIONS-FURTHER TRANSFERS

Theorem 4 Suppose that H is a group.
If H has a decidable Generalized Word Problem, so has G

Theorem 5 [f the empfiness problem for B(Rat(H)) is
decidable, so is if for G
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1.4- HNN EXTENSIONS-FURTHER TRANSFERS

Main tool: partitionned t-automata.
Graph: Rg
Vertices: Ts
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2.1-AB-ALGEBRAS-TYPES

T =T xB x Tg

B:booleans;
partial product: if ¢ = p’ then

(p7 b7 Q) ) (p,ablaq,) — (pab ) b,aq,)a

otherwise the product is undefined.
(P(T),-) is a semi-group.
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TR: partial submonoid generated by the set of edges of R.
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2.2- AB-ALGEBRAS-AXIOMS

We call AB-algebra a structure of the form

<M7 "y 1M71[7 LA, LB, 7, M, 5>

where 14 : A — M, : B — M are total maps,
I:M — M isapartial map,

v:M — P(T) is a total map,

p: T x M — B%(Qy) is atotal map,

0:T xM — PGA(A, B) is a total map ;

fulfilling the twelve axioms:
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monoid:

(M, -, 1) iIs @ monoid , (1)
embeddings:
LA, Lg Are injective monoid homomorphisms , (2)
involution .
ta(A) Up(B) C dom(I) €M~~~ (D) (3)

for every m,m’ € M,

[y(m)-y(m") # 0] = [m-m’ € dom(I) < (m € dom(I)Am’ € dom(I))]

4

[:(dom(Il),-, 1y) — (dom(I), -, 1p) is @ monoid anti-isomorphism,
o))

Tol=1, )
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almost homomorphisms:
for every m, m’ € M,

y(m-m') 2 y(m) - y(m'), ()

forevery m,m’ € M,0 € v(m),8' € v(m'), such that (0,6") € D(-),

M(e ' 9,7 m: m,) — lu(@, m) ' :u(elv m,)v )
dom(§(8,m)) C Gi(#),im(6(8, m)) C Ge(8) ©
6(0-0",m-m')=05(0,m)o0d0,m"). (10)

commutation with I
foreverya € A,b€ B,m € M, 0 € v(m),

I(ca(a)) = tala™"); L(tp(b) = tp(b7") (an
Y(I(m)) = Ir(y(m)); u(lr(0),1(m)) =Iq(u(®,m)); §(Ir(8),1(m)) =40, m)"".
(12)
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2.3-AB-ALGEBRAS-AB-HOMOMORPHISMS

Let
Mi =My, vy, ta1,t8,1, 11,71, 1, 01),
M2 — <M27 "y 1M27LA,27LB,27]I27727/*L2752>

e two AB-algebras with the same underlying groups A, B
and set Q. We call AB-nomomorphism from M; to M, any

mMap
w:Ml —)Mg

fulfilling the seven properties below:
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m~-homomorphism:

P (My, -, 1y, ) = (Mg, -, 1y, ) IS @ monoid homomorphism
(13)
L-preservation:

Va € A,Vb € B,(ta1(a)) =taz(a), ¥(p1(b)) =1tp2(b) (14
|-preservation:
vm € My — 7 H(0), m € dom(I;) < (m) € dom(I,) (15)

vm € My, To(y(m)) = (T4 (m)) (10)
~-compatibility:

vm € My, y2(¢p(m)) 2 71(m) (17)
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u-preservation:
Vm € M, V0 € Wl(m)7ﬂ2(¢(m)) — M1(97 m)v

d-preservation:

Vm € Mlave S Vl(m)a 52(97¢(m)) — 51(9,77’2,)

(18)

(19)
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Given: an HNN-extension and a partitionned, ~-saturated
finite t-automaton A, we define an A B-algebra with
underlying monoid H x {¢, t}* and set of states Q4.

<H * {t7ﬂ*7 " 1H7 LA, LBv]Ia sy 7Yy 6>

as follows:
LA, LB

are the natural injections from A (resp. B) into H * {¢,t}*,
dom(I) = (I(H) U {¢,%})"
where I(H) is the set of invertible elements of H;
I(h)=h"" 1(t)=¢t 1) =t

7(8) = {(p,0,9) € Te x B x Ts | (p,q) € pre(s) Ao = (||s]| # 0)}
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We define an auxiliary function uq : 7 x H* {¢,t}* — B(Q) by:

p1(0,8) = pa(s) N (4 (1i(0)) x 74" (1e(9)))

and then
(b, s) = (11(0, 5), pa(I7(6), Le(s)) ~1) If s € dom(Iy);
wn(d,s) = (u1(0,8),11(0,5)) if s ¢ dom(Il;).

6(0,s) = {(g9,9') € Gi(0) x Ge(#) [ g-s~s-g'}.
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The monoid-congruence ~ is compatible with I, t 4, 5, v, i, 9.
(due 1o the special properties of the t-automaton A). We can

naturally endow H; = H x {¢,t}*/ ~ with a structure of
AB-algebra:

<Ht’ K 1H7 LA,~s LB~ HNa Moy Vs 5N>
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Underlying idea:

1- notion of generic solution of an equation over Hi.

— solution in W,

2- any concrete solution (i.e.in H;) is obtained by applying an
AB-homomorphism on a generic solution.
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2.5-AB-ALGEBRA: W

Q:=Vy x {—1,0,1} x TA x B(Q4) x PGA(A, B).
W= {(V,e,8,m,9) € Q| o € PIs(Gi(8), Ge(6)), ¥(c,d) € o, pa(c)m =m-pa(d)}.
W={WeW|p(W)=0}, W={WeW|p(W) # 0}
LA A — W*x Ax B the natural embedding.

We define the AB-algebra:

<W* *A*BfalaLAaLBaHmuf')/a(”
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ta:A—->W"xAxB, 1g:B—>W"xAx B

are the natural embeddings.

A

dom(I) =W*x A% B
I(ca(a)) = tala™); I(ep(b) = ep(d7")
I[(Va €,0,m, 90) — (Va —€, I[7'(9)7 HQ(m)a 90_1)'
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’)/(V7 67 07m7 (p) — {9}7
Y(ta(a)) ={(A,T,0,A,T),(A,H,0,A,H)}, forae A— {1}
v(g(b) =4{(B,T,0,B,T),(B,H,0,B,H)}, forbe B—{1}

(1) = {(1,H,0,1,H),(1,1,0,1,1)}
U {(A,T,0,A,T), (A H,0,A H),(B,T,0,B,T), (B, H,0,B, H)}

Forgy,....9i,...,9n € WU 1a(A)Ug(B).

’Y(H gi) = HW(gi)
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(0, 0a(a)) = pe(0,a), p(0,ep(b)) = pe(0,0),
u(d, (V,e,0,m,0)) =m, u@,(V,e,0,m,p))=0(if0" #0).

0(0,ea(a)) = {(tale),ta(d)) | (c,d) € Gi(0) x Ge(0),ca = ad}, if 0 € (14l
0(0,ca(a)) = {(1,1)}, if 6 & ~y(cala))
d(0,t5(b)) = {(ts(c),t(d)) | (c,d) € Gi(0) x Ge(0),ca = ad}, If 0 € y(up
6(8,cp(b) = {(L, 1)}, 110 ¢ ~v(es(b)),
0(0,(V,e,0,m,9)) = P,
6(60',(V,e,0,m,p)) = {(1,1)}(if 6" #£0).
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Two sub-algebras:
W, is the set of lefters W € W such that, ds € H;, such that:

W € dom(Iyw) < s € dom(Il;)

YW) C(s), w@,W)=mu(0,s), 6(6,W)=14(0,s).
Wy is The set of letters W € W which have a H-type.

Wy =W, «AxB/=, Wy :=Wg;*xAxB/=.
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3.1-EQUATIONS OVER H, -DEFINITION

A system of t-equations is a family of ordered pairs
S = (wi,wé)z‘a

where w;, w; € Wy, y(w;) = v(w;) # 0.
A solution of S is any

AB-homomorphism v, : W, — H;

such that, forevery i € I

Pi(w;) = Pe(wy).
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3.2-EQUATIONS OVER H,-REDUCTION

We start with equations over G, with rational constraint C:

FE; : (Uz',la Ui,QUZ"g) foralll <i<n
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For every "admissible” vector (W, e€) (i.e. with correct types
and values of ) we define:
t-equations  S,(S, W, é):

9
9 '
(L1 Wisiw, [zt Wi 1) it Ui,; = Uy 5
k=1

(Wi 1.1Wi1.2W;13W, 1.4€i1 2, Wi 1Wi22W; 2 3W; 9 4) forl <i<n
(Wi e6WiatWiagWiag, € 23W;34W;33W,;32.W,;341) forl1<i<mn
(Wi1sWi16Wi17Wiis, €i13WiseWisiWi38Wizg) forl<i<mn

H-equations Su(S, W, é):

(Wiis, ei12WioseiosWisseisi) forl<i<mn
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4.1-EQUATIONS OVER W-DEFINITION

A system of W-equations is a family of ordered pairs together
with an involution:

S = ((ws, w;)ier, 1)

where w;, w, € Wy, v(w;) = v(w!) #0,1' € T.
A solufion of S is any AB-homomorphism
ow : (W, I) — (W, I') such that, forevery i € 1

ow(w;) = ow(w;). 20)
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Lemma 6 (factorisation of t-solutions) LefS = ((w;, w;))1<i<n
be a system of f-equations. Let us suppose thato; : W, — H, is
an AB-homomorphism solving the system S. Then there exists
an involution I’ € Z and AB -homomorphisms

oW . (Wta]D — (Wt,ﬂl>, ’th . (Wt,]ll) — (Ht)]lt)
such that, oy = ow o ¥y and

ow(w;) = ow(w;) forall1 <i < n.
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Z/{*

O-V_V,é' (th]l)

ot ow
_ H, I, )
s (Hg, It )= o

(Wt ) :/)
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5.1-EQUATIONS OVER U-DEFINITION

We define the group

U:=(Ax BW ;WeW = 6(W)(e)

(e € Gi(W), W € W))

DBERSEMINAR-FMI-13/07/05

46



Let us consider a system of W-equations, together with a
mMmorphism:

Sw = ((wi, w;)ier,1'); on € Homap(Wg, W),

We can define a system of equations over U with rational
constraint;

SU(UH) c= ((227 Z7lj>1§i§n7 C)7
in such a way that
Lemmma 7 The map @ : Hom g g(W;, W;) - Hom(W; x A * B,U),

ow — Tw © ow o Ty Induces a bijection from the set of solufions
of Sw which extend oy, into the sef of solufions of Sy(oy).
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The satisfiability problem for systems of equations with rational
constraints in G Is Turing-reducible to the pair of problems
(Q1,Q2), where

1- Q1 is the SAT-problem for systems of equations with rational
constraints in U

2- ()5 is The SAT-problem for systems of equations with rational
constraints in H
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K—=-U —=...2U; =2Ujq... =2 U,

where:
K=AxF(V)
U; = Ui
is an HNN-extension with associated subgroups strictly smaller

than A.

Equations in K: (Diekert-Gutierrez-Hagenah, 2001)
HNN-extensions with trivial associated subgroups:
(Diekert-Lohrey,2004)
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Theorem 8 For cancellative monoids H, the satisfiability
problem for systems of equartions with rational consfraints in

(H,t,t;tt =tt =€, tat

p(a) (a € A))

is Turing-reducible fo the SAT-problem for systems of
equations with rational constraints in H
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Other transfer theorems (obtained by the same technique):
Equations with rational constraints in an amalgamated
product

Equations with constants in an HNN-extension

Equations and inequations with rational constraints, in an
HNN-extension (case of groups)

Equations and inequations with rat constraints in an
amalgamated product (case of groups).
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Equations and inequations with rational constraints, in an
HNN-extension (case of cancellative monoids)
Equations and inequations with rat constraints in an
amalgamarted product (case of cancellative monoids).
Positive first order theory in an HNN-extension.
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