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New proofs of Shepherdson’s theorem.
L INTRODUCTION

THE theorem

Theorem (Shepherdson 59,RabinScott 59)

Every language recognized by a two-way automaton is regular.
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Previous proofs

consolidated by:

consolidated by:
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L INTRODUCTION

Previous tools

The old tools we use in our new proofs.
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New proofs of Shepherdson’s theorem.
L INTRODUCTION

Our contribution

We translate 2 way finite automata into
- new rewriting systems over words
- new rewriting systems over words-of-words
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New proofs of Shepherdson’s theorem.
L INTRODUCTION

The proofs

Idea 1-2:

The language accepted by a 2-way f.a. is the set of consequences
of a finite set of axioms, via a right-linear deduction system
([Biichi-Hosken])

Proof 1: based on [Biichi, 1964],[Biichi-Hosken, 1970]

Proof 2: based on [M.O. Rabin, 1969]
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New proofs of Shepherdson’s theorem.
L INTRODUCTION

The proofs

Idea 3-4:
Construct an embedding ¢ : A* x A* < Al such that the binary
relation TRANS(w, w'):

Ju,v e A, Ix € A, w = o(u,xv),w = p(ux, v)

is expressible as the transition-relation of some order 2
pushdown-automaton.

Proof 3: based on [Hague-Ong 2007] showing that the set of
winning positions of an accessibility game over pushdown
automaton of order 2, is Meyer-regular.

Proof 4: The relation TRANS(w, w') is MSO-definable in the
structure Al?l.

Proof is based on [Fratani, 2012] that gives an automatic

characterisation of the definable subsets of Al2.
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TWO-WAY finite automata
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New proofs of Shepherdson’s theorem.
I—TWOfWAY finite automata

Definitions

A finite two-way automaton is a tuple
A: (QaA7®7@7A7I7F)7

where @ is a finite set of states,

I C Q is the set of initial states

F C @ the set of final states,

A is an alphabet,

and © and © are special letters not in A.

We note A:= AU {5,o}.

A configuration of the two-way automaton A is a tuple

(q,u,v) € Q x A* x A*.
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New proofs of Shepherdson’s theorem.
I—TWOfWAY finite automata

Definitions

Given a,a’ € A, u,v,u', v/ € A* and q,q' € Q, we write:

/

(q,u,av) Fa(q',ua,v) if (g,a,q,>) €A
(q,ua,a'v) 4 (q',u,adv) if (g,4,4',<) €A

A word u e Al is accepted by A iff

(q07 €, @U@) }_:kél (qf7 v, V/)

with go € / and g € F, for some v, V' € A*.
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Proof by REWRITING
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New proofs of Shepherdson’s theorem.
L Proof by REWRITING

The rewriting rules

Alphabet: AU {[p,q] | p,g € Q} Set D of deduction rules:

ulp, p]
for all uE/Z\\*,pE Q

ualg, r]
uab[p, s]

if (p,b,q,<) € A, (r,a,s,>) €A

ulp, q], ulq, r]
ulp, r]

if p,g,r € Q.
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New proofs of Shepherdson’s theorem.
L Proof by REWRITING

The rewriting rules

For every u e A*,p,qg € Q,a € A:

(p,u,a) = (q,u,a)
iff

D
ualp, q]
Hence the language L recognized by A is equal to:

{ue A" |dpel,dqgeF,

}

D
cu o [p,q]
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New proofs of Shepherdson’s theorem.
L Proof by REWRITING

The proof

Theorem (Biichi-Hosken, 1970)

For every finite set D of right-linear deduction rules, the set of all
provable words is a regular set.

By this theorem L is regular.
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Proof by MSO logics over words
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Proof by MSO over WORDS

The language P of provable words (modulo D) is the smallest
subsetAX C A* such that:
vu E A*7p7q7r7s E Q?(p7b7q7q)7 (r7a7s7[>) E A

ulp,p] € X, uwalq,r] € X — uvab[p,s] € X

(ulp,q] € X and u[q, r] € X) — u[p,r] € X.

Hence there exists a MSO formula ®, with only one free variable X,
which is a set-variable, such that

A*,v = @ if and only if v(X) = P.
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I—F’roc:nc by MSO over WORDS

Proof by MSO over WORDS

Theorem (Rabin 1969)

The regular subsets of A* are exactly the MSO-definable subsets of
A*,

It follows that P is regular, which implies that
L={uveX*|3pel,ge F,cua|p,q] € P}

is regular too.
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WORDS of WORDS
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New proofs of Shepherdson’s theorem.
L WORDS of WORDS

Words of words

A word of words over A is a word over the alphabet A*, i.e. a finite
sequence of finite words over A.

Notation:

Al the set A* of words over A,

ALl the set of words of words over A.

Examples:

A={a,b,c}

abbcab, abba, ¢ are words

[a, bbc, b], [abba, e, bb, bbbbcal, [¢], [] are words of words.
Concatenations:

aba -1 caaa = abacaaa

[aba, c] -2 [c, ba] = [aba, c, c, ba].
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New proofs of Shepherdson’s theorem.
L WORDS of WORDS

Words of words

A language L C A% is said Meyer-regular iff, viewed as a language
over (AU{"[", ", ", "]"H* it is regular.

(i.e. the metasymbols, square brackets and commas , are treated as
ordinary symbols)
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New proofs of Shepherdson’s theorem.
L WORDS of WORDS

Encoding pairs of words

u=ull] - u[i] - u[n]

Figure: The encoding of (u, v)
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New proofs of Shepherdson’s theorem.
L WORDS of WORDS

Encoding pairs of words

P Alll A2
o(u,v) = [v,upv, up_1Unv,. .., uv]

©(cba, ba) = [ba, aba, baba, cbabal
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New proofs of Shepherdson’s theorem.
L WORDS of WORDS

Encoding pairs of words

Figure: ¢(cba, ba)
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New proofs of Shepherdson’s theorem.
L WORDS of WORDS

Encoding moves

For all u,v € Alll and 2 € A,

o(u,av) = [av,...,uav], p(ua,v)=[v,av,...,uav]

and )
[av, ..., uav] PLTh2PoPY [v,av,...,uav].
[v,av,..., uav] PoPe [av, ..., uav].
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Proot by GAMES over

2-pushdowns
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New proofs of Shepherdson’s theorem.
I—F’roc:nc by GAMES over 2-pushdowns

level 2 pushdowns

An level-2 pushdown automaton has:
an input alphabet X

a finite set of states @

a memory with contents in A2

a set of transitions

ACRQXxXXxAXxQxO

where
O = {pop;, pop,; push, } U {push] | a € A}.
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I—F’ro«:nc by GAMES over 2-pushdowns

level 2 pushdowns

Forac A, n>1 and u,ul,...,u,,EA[I],

pops([uns- - ua]) = [pOpy(in)stz,...,us]  where popy(au) = u
pops([ut,...,up]) = [uo,...,up) when n > 1
pushi([u1,...,us]) = [pushi(u1),uo,...,uy] where pushi(u) = au
pUShz([U]_, ’un]) = [U]_,Ul,UQ,...,Un]
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New proofs of Shepherdson’s theorem.
I—F’roc:nc by GAMES over 2-pushdowns

Games over level 2 pushdowns

Theorem (Hague-Ong2007)

Let A be some order-2 pushdown automaton. Given a
Meyer-regular set of configurations C, the set of configurations
{c" € Q- AR|3c € C,c' ¥ c} is regular too.
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New proofs of Shepherdson’s theorem.
I—F’roc:nc by GAMES over 2-pushdowns

The proof

Let A be a 2-way finite automaton with set of states Q,
input-alphabet A. We construct a level-2 pushdown automaton,
with set of states Q@ U R, stack-alphabet A and transitions such
that:

(pa u, V) = p- SO(U? V)
embeds the set configurations of A into the set of configurations of
B and

(p,u,v) ¥y (g, U, V') & p-p(u,v) Fi q-o(u, V).
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New proofs of Shepherdson’s theorem.
I—F’roc:nc by GAMES over 2-pushdowns

The proof

vel s

3,V e A* \/ (p,e,cu0)"(q,u,V') &
pel,geF
3,V € A* \/ pp(e, Gud)r5q - o(u, V') &
pel,geF
Aw' € AP \/ p-[cuel-gq - w'.
pel,geF
Since A s Meyer-regular,
by [Hague-ong 2007] , for very p€ I,q € F,

the set {[cue] | p- [cu] H} g - AR} is Meyer-regular,
hence L is regular.
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I—F’rocnc by MSO over WORDS-of-WORDS

Proof by MSO

over

WORDS-of-WORDS
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New proofs of Shepherdson’s theorem.
I—F’roc:nc by MSO over WORDS-of-WORDS

MSO over words-of-words

We consider the structure

Si* = (AP (lettert*),ca, son}, clone, sons, cloney)

m Si,v = letter}"(x) holds when v(x) = [a 1 u] - v for some
ue Alll v e Al

m S3*,v = sonj(x,y) holds when v(x) = [u] -2 w and
v(y) = [au] 2 w, for some a € A, u € Al and w € A2,

m 3%, v = clonej(x) holds when v(x) = [aau] -» w for some
acAwe A[2],

m S3*,v = sona(x, y) holds when v(y) = [u] -2 v(x) for some
ue Al

m S;*,v |= cloney(x) holds when v(x) = [u, u] -2 w for some
ue Al and w € A2
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New proofs of Shepherdson’s theorem.
I—F’roc:nc by MSO over WORDS-of-WORDS

MSO over words-of-words

Sp € relations:
/ | \ letter;(x)
a b c

JIN N N [zl o)

ba @ ab [bb] cbac be [ec] letteri(x)

?ViPV*VV@V*PV}/lN*PV*PV*
ach. beb [ccb]

FYS Fydq Ky sonl(XJ/)
X ——'y

clone;(x)

Figure: Structure S; for A= {a, b, c} (partial representations).
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New proofs of Shepherdson’s theorem.
I—F’roc:nc by MSO over WORDS-of-WORDS

MSO over words-of-words

Sik: e=] relations:

m letter’" (x)

lettery," (x)

letter:*(x)

[e, ba] [a,ba] [b,ba] [c,bal [ clonel (x)

% sonj(x,y)
X —> Y

cloney(x)

sona(x, y)
X =—— Y

Ficure: Structure S** for A —= {32 b ¢\ (partial representation) 36 /42
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I—F’roc:nc by MSO over WORDS-of-WORDS

definability within MSO

Lemma

Given a two-way finite automaton A over a finite alphabet A, the
set [L(A)] = {[u] | u € L(A)} C APl is definable by an MSO
formula V(x) over S}*.
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New proofs of Shepherdson’s theorem.
I—F’ro«:nc by MSO over WORDS-of-WORDS

definability within MSO

The key-idea is that one can express , within MSO over S}*, the
movement relation:
(u,av) F (ua, v)
We construct a MSO formula Link(x, *) such that, for all
y,z € ITm(yp),
S = Link(y, 2)
iff there exist u € Alll.a € A, v € AlYl such that

y = ¢(u,av) and z = p(ua, v)

v a v z
a v a v t
a v y

Figure: Formula Link(y, z)
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New proofs of Shepherdson’s theorem.
I—F’ro«:nc by MSO over WORDS-of-WORDS

definability within MSO

v a v z
a v a v t
a v y

Link(y, z) := 3t,sona(y, t) A clonex(t) A soni(z, t)
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New proofs of Shepherdson’s theorem.
I—F’roc:nc by MSO over WORDS-of-WORDS

lemma “a la Fatou”

Lemma (Fatou property)
Let L C AN such that [L] is MSO-definable in AP, Then L is
MSO-definable in Al

This lemma can be deduced from the characterisation of definable
subsets by oracle-automata over the “differential notation” of the
words-of-words([Fratani 2012]).

40/ 42



New proofs of Shepherdson’s theorem.
I—F’ro«:nc by MSO over WORDS-of-WORDS

End of the proof

Since [L] is MSO-definable in Al?l, L is MSO-definable in Alll (by
Fatou property) and by Rabin's theorem, L is regular.
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New proofs of Shepherdson’s theorem.

L Perspectives

Perspectives

m Extend Shepherdson's theorem to words of words ? to Al"l for
n>27

m Find logical proofs for problems about transductions 7

m Find new algebraic proofs for Shepherdson’s theorem. Can we
use the links with the free inverse monoid?
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