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1. Efficient data structures
(Tarjan’ s like)
Example 1:
A tree (static) IF with i vertices

QuUestion; Nearest COMMOon anCestor
ncas V) fior some VErtices ?

Noter queRes (4 V) ane net KNeWRIn
adVanee

(@r=lIRerqUERES O ar StaliG ULHEE)



[Harel-Tarjan ' 84]

Each tree with i vertices has a data
structure off O(11) space (computable in
linear time) such that nca queries; can bEe
dRSWE! re,d INfConStant time.




Example 2:

A weighted graph G with n vertices,
and a parameter k=1

Quest/on d K=approximation o< ) on
SCOG V) N EMOFSOME VERLICES 4 V%

widrl dise(e, ) = 90, y) = disi(e, )




[Thorup-Zwick - J.ACM 05]

Each undirected weighted graph & with
Vertices, and eachi integer k=1, has a data
structure off O(k-n1 %) space (computable
N Ok M9 expected time) such that

(2¥=1)-appreximated distance qUerEes; can
e answered In Ok time:

Essentially optimal, related to an Erdés Conjecture.



2. Localized data structures

A network

lypical qUeStions are:

ARSWER o, qUERY: @ With thellecall knewledge of X
(G ItS VICIRIGY)), SOrWItheUE any, aeCESS tora glokal
datafsthtctUnhes



Example 1: Distributed Hash Tables (DHT)

Set off peers
logical network

X

QUELRY ab Xz Who Nas any, mMpPeg file named

Sta*Wa*r "
ARSWer: o) to w andiaskit:

XLAOES O KNOW, BUTWWICERLAIRIYVAKNOWS S at I Eastia PoIter



Example 2: Routing in a physical network

X

y

NN

QUEY at > NEXTE NP LOrF 0! Lo




Example 3: in a dynhamic setting

A growing rooted tree

Query: at x. the number off descents ofi x
(or a constant approximation of: it)

[Afek,Awerbuch;Plokin,Saks — JJACM 961

IFIS possiblEtoimaintainial 2=approXimation on the number:
eifdescendantswitn O(1egzn) amoentiZzEANMESSadES of;
O(loglogn) bItSieach, MMUMBEFOINNSERENVERIGES:




Goals are:

¢ [he same as for global data
Structures:

— LOW preprocessing time
— Small size data structure
— Fast query: time

— Efficient updates

Smaller and balanced local data
StEUGCEURES

FowW commtnication: cost((trade-
OIiiS)) o MUIGIPIETNOPS aNSWERS



3. Informative Labeling Schemes

For the talk
— A static network/graph
— Queries: involve only. vertices




Question: dist(x.,y) in a graph G?
(with localized data structure)

data structure
for graph

AnsSwWering toe dist(®4 V) consists enly N INSPECLNG the
|0Gall datal StruCture ofi “and o

Maiprgoalminimizerthermaximalisize oifatocalidata
strticture Wishi|DS(EF @) i<t DSEE) | deally,

[DSEAE)IF=AEY ) PS(E))



[Thorup-Zwick - J.ACM 05]

.. Moreover, each vertex w — L(w) of O(11/%) bits
such that a (2k-1)-approximation on dist(< V) can
be answered firom L(%) and L) only.

1+1/k

v

1k @Verlapr 6(1)




Informative Labeling Schemes
(more formally) [Peleg * 00]

L.et 2 be a graph property. defined on pairs of;
Vertices (can be extended toe any tuple), and
let = be a graph family:

A P-labeling secheme for = 1s a pair: <5, i> such
thats V@ E = WIlVE

o (labeling) L FE)is a binary sthing
o ((decoden) @ re), EE7e)) = =( )



Some P-labeling schemes

¢ Adjacency.
¢ Distance (exact or approximate)

Eirst edge on a (near) shortest path (compact
routing, labeled-based routing)

& Ancestry, parent, nca, sibling relation: in trees
Edge/Vertex ConnECtIVILY, flow.
Prooitlabeling sy stemsiikonmany Kuten, PEIea)

¢ Small=Woerldrtnavigability

¢ EorbIddER SEL [[CourcEllE; IGa]



Ancestry in rooted trees

Motivation: [Abiteboul, Kaplan,Mile: 01}

Ihe <TAG> ... </TAG> structure of a huge XML data-base is a
rooted tree. Some queres are ancestry: relations in this tree.

Use compact index for: fast query: XML search engine. Here the
Constants doermatter Saving 1 byte onreach entry, of the Index
tables important. Hereniisivenylarge, ~ 10°.

Exe IS < distablted computing> descendant
Ol <LK LILIES?



Eolklore? [Santoro, Khatib “85]

DES labeling 1

L(x)=[2,18]

Zleognibit labels



[Alstrup,Rauhe - Siam J.Comp. 06]

Upper bound: logn + O(Vlogn) bits
Lower bound: logn + Q(loglogn) bits
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Adjacency Labeling /
Implicit Representation

POV, G)=1 iffi xy in E(G)

[Kanan,Naor,Rudich — STOC ' 92]

©(logn) bit labels for:
e trees (@nd forests)
e hounded arboricity: graphs (planar; ...)
o hounded treewidth graphs

Inrpanticular:
o 210gn bIts e thees
o ZlognIbits ferplanar;



Acutally, the Froblem IS equivalent to an old
combinatorial problem:

[Babai,Chung, Erdos,Graham,Spencer " 82]
Small Universal Induced Graph

U'Is an universal graph for the familgl =0 every graph
of £ IS Isemerphic te an induced subgraph of U

: b

f
d ‘/%g
e
d

: g c g

d
e

S




Universal graphi
(lIXEdOrRIE

LCoE)] = [Tog V)]




Best known results/Open questions

¢ Bounded degree graphs: 1.867 logn
[Alen,Asedir— J. Comp: App. Math 02]

¢ lrees: logn + O(leg n) O
JAIStRUPyRAUNE = E@ES 02) () @

— Planar: 3logn + @({og n) O

¢ Planai 2iegh = Oleglogn)
[Czivoille Lagatrel = ESA 07

lejefin) = rnlinhd =0) | leje)) gl



Lower bounds?: logn + (1) for planar
logn + O(1) bits for this family?

Norhereditany: family: with:nl2°MW aheled

draphsi(thees, planar helundedrdenus;

POURCEGtEEWIAth} ) ISTKNOWRFO FEJUIRE
labElS e logn = o (@) ItS:




Distance
BP(X,Y,G)=dist(X,y) in G

Motivation: [Peleg “99]

I a short label (Say: off pelylogarthmic size) can be added to the
address ofi the destination, then routing terany: destination can
be done without reuting tables and withia “limited ™ number: of;

message header=hop-count




A selection results

¢ O(n) bits for general graphs

— 1.56n bits, but with O(n) time decoder!
IWinkler 83 (Squashed Cube Conjecture)]

— 11 n bits and O(leglegn) time decoder
IGavoille;Peleg, Perennes, Raz 01
¢ O(log?n) bits for trees and bounded
treewidthr graphs, ... [[Releg 99, GRRPR O]

¢ O(llegn) bitsrandr @) time dECOUENR oL
IRtERVal; pPErMUtation  ghaphis; o IESAT05)E
= @) spacer@(EHrtime aatar StrlCtURE)
evenNorm=(hz



Results (cont d)

¢ O(logn-loglogn) bits and (1+0(1))-
approximation for trees and bounded
treewidth graphs

[GKKPP = ESA 01 ]

¢ More recently: doubling dimension-o grapis
Every radius-2r ball'cans be covered by = 2% radius-r balls

/“ S o EUClidean graphs have a=0(1)
o [ncltide beunded growing grapns

\ |
K 5 ) o RobUSt netien



Distance labeling for doubling
dimension-o. graphs

O(e %@ ogn-loglogn) bits
(1+¢)-approximation for doubling
dimension-o graphs

[Ctorz) Lralticnlezimier, Las — FCCS
03]

[rzllwelr — STOC 04

IV ERGEIPHEEEPEI EERENSOEERI0 5 |

SIVIGREEPEDE 05




Distance labeling for planar

¢ O(log?n) bits for 3-approximation
[GUpta, Kumar, Rastogi — Siam, J.Comp: 05]

¢ O(etlog#n) bits for (1+¢)-approximation
BhoenRup = JCAGCM: 044

o Q(nl/3) = 2 = O(Vn) for exact distance

¢ O(etlogzn) bits fior (I-Fe)-approximation fion
dhraphstexcludingrasiixediminer (Ke K
[Aorarizren, Gavolllea = 2ogne < 0§



Small-World & Navigability

» Augmented graphs (G, P) [base graph,distributions)

PGV = PrCFhas Vaasiong kahge contact)

¢ Greedy Rottingsclosest neighbor(nie)
¥ EXPEctEd nUmbERoihops(accondng to P)



Small-World & Navigability

¢ Uniferm distrbution: P, V) =1/n
¢ ~harmonIc distribution: P, V) e 1/d(f )

Notes o NaMeRICINEEE tOrKNOW,
distanpCESHNNGNRIGKEERLOrCOmpPULE P



Small-World & Navigability

¢ How much complicated is P?

¢ Design a “simple” distribution with a
OW expected number off hops for G

—Ravigapility, Iapeling ScCheme

is a labeling scheme <L,f> st: Yu,v of G
e P(u,v)=f(L(u,G),L(v,G))
e Expected #hops =<



Navigability: Results

¢ All graphs [uniform]:
O(v/n)-navigability: with [logn]-bit labels

¢ Grids [in DISE “05]:
O(legn)-navigapility: with legn|=bit Iabels

o Fraas [Fraienizitiel e 2l
@(earn)Enavigability with @l egzn) bits
O(legen)Enavigailityawithslegnisits



Navigability: Results (cont” d)

& Bounded path-shape graphs [[SPAA 07]:
O(ps(G):leg?n)-navigability with [[logn] bits

[bounded tree-width, bounded path-length, Al-free,
permutation, interval graphs ... have ps=0(logn)|

¢ All graphs:
O(n2)-navigability, but with @(n) bits!

» QUESHORSE
= Smallest k=K Mo kEnavigapilitys Ve raphs
clrrentiVa cYosni= = @ (Ri/E)
= o/n)Enevigabilityawithipolylieg(n) labels



Forbidden-Set Labeling

[Courcelle, iwigg 07]

¢ Problem:

Design a routing scheme for G st for every: subset X
ofi ‘forbidden™ nedes (crashes, malicious, ...) reuting
taples can be updated efficiently: provided X,

— NS’ capture reuting poelicies

¥ Extension: EonbIdden=-setP-1abeling
<> ge 4 20, e\ =iy, Ly .6 L0LG)),



Forbidden-Set Labeling: Results

¢ Example:

Connectivity In trees: P(u,v, I\X)=TRUE ifff u and V.
are in the same connected component of TH\X.

= can be done with O(logn)-bit labels.

¢ [[Colrcelle;wigar—SHAECS 07

I G has bounded “cligue-width: (generalization of
Cree-wWidth) andrevery monadic Seconad eraes
predicate P ({distanCes), CONNECLIVIEY, .. theRtabels
o @(leagzn)=bit suffice:

9 Noter sameN(OptmallPoUNESHORCEIStaNCESHIN trees
aSitherstaticicase Ut dornotincluaerplianar: ...



Conclusion

¢ |L.abeling scheme for distributed
computing s a Fch cOnceEpPL.

elf hl gJSs FENR r-f LO GIQ”
IOWER BOURAES




Lower bounds for planar
[Gavoille,Peleg,Pérennes,Raz — SODA " 01]

n=#yvertices ~ 3
o o o o o o #critical edges ~ K2
#labels =2/

o o o o o g = 3 |label|> <2/ 2/« ~ n1/3




Proof Labeling Systems
[Koerman,Kutten,Peleg — PODC " 05]

¢ A graph G with a state S, at each vertex u: (G,S)

¢ A global property. P (MSI;, 3-coloring, ...)

¢ A marker algorithm applied on (G,S) that returns
a label (W) for u S

¢ A binary decoder (che 'tmu applied on N(ub

S, O (w)

G has projfertydm— =1 vu S3
Gl hasn't prop. P — 1w, f whatever the (_bels
are

Sy



What is the knowledge needed for local
verifications off global properties?




