
The Stretch Factor of  L1- and 
L∞-Delaunay Triangulations 

Nicolas Bonichon, Bordeaux U. - LaBRI 
Cyril Gavoille, Bordeaux U. - LaBRI 
Nicolas Hanusse, CNRS - LaBRI 
Ljubomir Perković, DePaul U. - Chicago 



P = set of points in the plane 
K = complete Euclidean graph on P 
       [weight(u,v)=||u-v||2 for all u,v of P] 
G = spanner of K (spanning subgraph) 
 
G has stretch factor s if 
dG(u,v) ≤ s.dK(u,v) for all u,v of P 
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dG(c,e) = 7, dK(c,e)=5 
dG(b,e) = 4√2, dK(b,e)=4 
 
stretch factor of G is √2 



A complete Euclidian graph on 15 nodes
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Geometric spanner 

 
 
Good spanners 
  Small stretch 
  Few edges 
  Planar 
  Small max degree 
  Routable 
  Computable [locally] 
  … 
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Voronoï cell 
C(pi) = { u : dK(pi,u) ≤ dK(pj,u) for all sj≠si } 
 
Delaunay triangulation of P={p1,p2,…} 
(pi,pj) is an edge iff C(pi)    C(pj) ≠ 0 
 
General position 
no 3 co-linear points, no 4 co-circular points 
 
Alt. definition 
(pi,pj) is an edge iff there is an empty circle supporting (pi,pj) 
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L1-Delaunay Triangulation 
 [Chew - SoCG’86]  

dL1(u,v) = |xu-xv| + |yu-yv| 

L1-Voronoï cell 
C(pi) = { u : dL1(pi,u) ≤ dL1(pj,u) for all pj≠pi } 
 
L1-Delaunay triangulation  of P={p1,p2,…} 
(pi,pj) is an edge iff C(pi)    C(pj) ≠ 0 
 
General position 
no 2 points with same x- or y-coordinates 
no 4 points on a square 
 
 
Alt. definition 
(pi,pj) is an edge iff there is an empty square supporting (pi,pj) 
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The Stretch of  L1-Delaunay 
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Outline 
  Lower bound 
  Upper Bound 
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Main Theorem 

Let T be the L∞-Delaunay triangulation on a set of 
points P in general position, and let a,b points of P. 
Let x:=max{|xa-xb|,|ya-yb|} and y:=min{|xa-xb|,|ya-yb|}. 
Then, 

dT (a,b) ! (1+ 2)x + y
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Main Thm’s Proof 
(warm up) 

Proof. By induction on the width of R(a,b) 

Case 0: (a,b) edge of T  

Case 1: c in R(a,b) 

R(a,b)= 
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consider R(b,a) 
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Stretch for (regular k-gone)-Delaunay triangulations 

 done for k=3 (stretch=2) and k=4 (stretch≈2.61) 

Problem 2: k>4?  k=∞? 


