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ABSTRACT. We investigate the quotient ring R of the ring of formal power
series Q[[z1,2,...]] over the closure of the ideal generated by non-constant
quasi-symmetric functions. We show that a Hilbert basis of the quotient is nat-
urally indexed by Catalan paths (infinite Dyck paths). We also give a filtration
of ideals related to Catalan paths from (0, 0) and above the line y = z — k. We
investigate as well the quotient ring R, of polynomial ring in n variables over
the ideal generated by non-constant quasi-symmetric polynomials. We show
that the dimension of R, is bounded above by the nth Catalan number.

1. INTRODUCTION

The ring Qsym of quasi-symmetric functions was introduced by Gessel [11] as
a source of generating functions for P-partitions [16]. Since then, quasi-symmetric
functions have appeared in many combinatorial contexts [6, 16, 17]. The relation
of @sym to the ring of symmetric functions was first clarified by Malvenuto and
Reutenauer [15] via a graded Hopf duality to the Solomon descent algebras, then
Gelfand et. al. [10] defined the graded Hopf algebra NC' of non-commutative sym-
metric functions and identified it with the Solomon descent algebra. In recent liter-
ature, we see a growing interest in quasi-symmetric functions and non-commutative
symmetric functions as refinements of the ring of symmetric functions.

One unexplored avenue is as an analogue of the (symmetric) harmonic spaces.
A classic combined result of Artin and Steinberg [1, 18] shows that the quotient
ring of the polynomial ring Q[z1, 3, ... ,zy] in n variables over the ideal Z,, gener-
ated by non-constant symmetric polynomials has dimension n!. In fact, this space
is a graded symmetric group module that affords the left regular representation.
Refinement and generalization of this result has lead to an explosion of incredible
results and conjectures, for example see [4, 5, 7, 9, 12] for a small portion of this.

Here we are interested in the quotient ring R of the ring of formal power series
Q[[z1, %2, 3, . . .]] over the closure of the homogeneous ideal 7 generated by all non-

constant quasi-symmetric functions. That is the quotient R = Q[[z1, Z2, 3, - - . ]] / 7.

To every monomial z3' 252253 - - (of finite total degree) in Q[[z1,x2,z3, . ..]] we
associate a path in the plane as follows: (0,0) — (é&1,0) = (&1,1) = (&1 +é2,1) —
(&1 + G2,2) — (61 + @a + @3,2) — - -- . If this path remains above the line y = z
we say that the path is a Catalan path (or infinite Dyck path). Our main result is
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Theorem 1.1. A monomial Hilbert basis of R is given by the monomials of
Q[z1,z2, z3,...]] corresponding to Catalan paths.

We also consider a special filtration of ideals 7(¢) and their respective quotients,
such that 7 = J© and J( C J(et1). The Hilbert basis of each quotient is
indexed by paths above the line y = x —e.

Let R,, denote the quotient of the polynomial ring Qz1,xs2,... ,2,] over the
ideal J,, generated by all non-constant quasi-symmetric polynomials. Recall that
Cn = 735 (%) are the famous Catalan numbers. The passage from infinitely many

n
variables to finitely many variables is a priori non-trivial, and requires more work.

Theorem 1.2. dim R,, < C,,.

In fact we expect equality to hold in Theorem 1.2 and we are still in the process
of completing a proof of this together with Francois Bergeron and Adriano Garsia,
who have discovered the spaces R,, completely independently and in the same period
that we did. They have conjectured many of the results presented here, and much
more. The results for R,, are extremely interesting, and are the object of an ongoing
collaboration with F. Bergeron and A. Garsia. We plan to write at least two papers:
one [2] dedicated to a proof of equality in Theorem 1.2, and another [3] to investigate
further properties of R,, and its generalization. In particular, the finite version of
the successive quotients by the ideals T is related to the work of [5]. Much of
these results can be explained in a more general framework and will be the object of
further study. We are convinced that these results are but the tip of a new iceberg.
In particular, we would like to find any natural algebras acting on these spaces.
What are the possible generalizations and specializations of the super-harmonics?

We underline here that F. Hivert [13] has developed an action of the Hecke
algebra for which a polynomial is invariant if and only if it is quasi-symmetric.
Unfortunately Hivert’s action is not compatible with multiplication and does not
preserve the ideal 7,, hence it does not induce the desired action on the quotient.
It is still interesting to note that Hivert’s action is also related to Catalan numbers.

In Section 2 we recall appropriate definitions. In Section 3 we introduce a special
family of generators for the ideal 7 and the associated filtration 7(¢). In Section 4
we use these generators to show that the monomials corresponding to Catalan paths
span our quotient, as well as the analogous result for 7(¢). Theorem 1.2 follows
from this section. To complete the proof of Theorem 1.1, we use a Grébner basis
argument in Section 5 to show independence.

2. BASIC DEFINITIONS

A composition a = [ay,as,... ,a;] of a positive integer d is an ordered list of
positive integers whose sum is d. We denote this by a | d. We call the integers
a; the parts of a, and denote the number of parts in a by £(a). Given two com-
positions a = [aq, @2, ... ,a;] and B = [B1, P2, - .. , B, we denote by af the con-
catenation product [oq, @, ... ,ak, b1, B2, .. ,B. Also, there exists a natural one-
to-one correspondence between compositions of d and subsets of {1,2,...,d — 1}.
If A= {a,as,...,ap_1} C [d—1], where a; < a2 < ... < ax_1, then A corre-
sponds to the composition, @ = [ay — ag,a2 — a1,... ,a; — ax_1], where ag = 0
and a, = d. For ease of notation, we shall denote the set corresponding to a given
composition a by D(«). For compositions @ and 8 we say that « is a refinement
of 8 if D(B) C D(«a), and denote this by a < .
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For any composition @ = [a1, s, ... ,a] of d we denote by M, the monomial
quasi-symmetric function [11]: Mo(z1,22,...) = 325 i coooci Toy' -+ @7~ This is
a homogeneous infinite series of degree d. We define My = 1, where 0 denotes
the unique empty composition of 0. It is known from the work of Gessel that the
monomial quasi-symmetric functions form a linear basis of a ring (in fact a Hopf
algebra) @Qsym of quasi-symmetric functions.

An other useful basis of the ring Qsym,, is given by the fundamental quasi-
symmetric function [11]:

Fa(ml,.’l}g,...):ZMB(.’El,fL’Q,...): Z ."L'jl.Z'j2-'-.’Ejd.
azp J1 <joe<---<ja
1€D(a) = ji<jit+1
Fundamental quasi-symmetric functions satisfy the following obvious, but crucial,
relations. For a = [a1,as,... ,ak] E d,

(2.1)

21 oy —1,00, 00] (1,22, -+ ) + Fo(ma,23,...)  ifay > 1,
Fa(.’El,IL'Q,...) =

wlﬂag,as,...,ak]($27m37 .- ) + Fa(x27m37 .- ) if a; = 1.

Here F,(x2,2x3,...) is the function F,(z1,z2,...) in which the variable z; is re-
placed by z;11. These relations are the key ingredients in our proof.

In the following we have to consider generalized (infinite) compositions. That
is a sequence & = (&4,G2,...) such that the parts a@; > 0 for j > 1 (we allow
some parts to be zero) and the sum of the parts d(&) = > &; < co. We say that
& is a generalized composition of d(&) < co. We use a “ ™ ” to indicate that we
have a generalized composition and no “ 7 ” if the composition is standard, that
is without zeros. We also consider generalized compositions of finite length and
denote by £(&) the number of parts of &. The concatenation of a finite length
generalized composition & with an infinite one £ is denoted by @3. We also write
@+ B and @ < B to denote the componentwise sum and componentwise inequalities,
respectively. For an infinite generalized composition &, since d(@) < oo, only finitely
many parts of & are non-zero. Thus there is always a finite generalized composition
7 such that @ =700 --.

In this paper, we devote our attention to the ideal J = (Fi(21,%2,...))akd>0
of Q[[z1,z2,...]] generated by the non-constant quasi-symmetric functions, and
consider the quotient

(2.2) R=Qllzr, 22,11 /7,

where J denotes the closure (with respect to the standard topology with formal
power series) of J in Q[[z1, %2, .- .]].

3. THE GENERATORS G

We exploit the relation (2.1) to construct a set {Gz} C J indexed by the gener-
alized (infinite) composition & such that there exists a factorization & = #p where
d(7) — £(7) > 0. We first define recursively the functions G4 for all infinite gen-
eralized composition @& Then in Lemma 3.1 we characterize the & obtained from
the transitive closure of the G5 € J. Let @ = 00--- where £(#) < oo and the
last part of # is non-zero, or & = 00---. Our definition is recursive on n = £(¥). If



'

J.-C. AVAL AND N. BERGERON

7 = v is a standard composition, then let
(31) Gd:Fy(ml’xZ,-..)-

If () = 0, then this formula gives Ggo... = 1. Assume now that 7 is non-standard
and let # = 40a S be the unique factorization of 7 such that a > 0 is a positive
integer, 8 is a (possibly empty) standard composition and 7 is a (possibly empty)
generalized composition. For & =40a$00--- and k = £(50) = £(5) + 1, we define

(3.2) Ga = G"yaﬁO--- — iL'kGi (a—1)B0----

Both terms on the right are well defined by induction since £(¥a 3) = £(P) —1 < n.

We now characterize the transitive closure of the definition (3.1) and (3.2) within
J . At this point it is useful to introduce the following family of ideals. For any e >
0,let 7 = (F, : 3np=a, d(r) — £(r) > e). This is a filtration 7(&) C F(et1)
such that 7 = 7). For a generalized composition &, we say that it reaches level
e if there exists a factorization & = 7p such that d(7) — £(7) > e.

Lemma 3.1.

1. If & reaches level e, then G5 € J(©).
2. Conversely, in (3.2), if ¥ (a — 1) 80 - - - reaches level e, then & reaches level e.

Proof. For the first statement we proceed by induction on £(7) where @ =700 - -
and the last part of 7 is non-zero. If £(#) = 0, then Ggg... = 1 is not in any of
the ideals J7(¢). Assume that £(7) > 0. We first consider the case when = v
is a standard composition. If & reaches level e, then so is v and we have G5 =
F,(z1,22,...) € J (&), If ¥ is a non-standard generalized composition, then let
& = 7p be the factorization such that d(7) — £(7) > e, and let @ = P00--- =
40aB00--- be the factorization used in (3.2). If 7 is an initial factor of 4, then it
is clearly an initial factor of both ¥a800--- and #(a —1)300--- and they both
reach level e. By the induction hypothesis, both G5 ,50... and G5 (4—1)g0... are in
J() and in turn G5 € J©). If we now assume that # = 40, then d(7) — £(3) =
d(7) — (6(7) — 1) > e+ 1 > e and again the induction hypothesis can be applied
to (3.2) to show that G5 € J().

We are left to check the case where @# = ¥0a ji. For the first term in (3.2), ¥a i
is an initial factor and d(fia¥) — £(yafi) = d(7) — ({(7) — 1) > e+ 1 > e. The
induction hypothesis gives that G4 50.. € J(©). For the second term indexed by
7(a=1)B00--- we have d(7(a—1)i) = £(3(a—1)i) = (d(@) —1) - (£(7@) — 1) > e.
Again the induction hypothesis gives us that G5 (a—1)g0... € J (¢)  concluding the
proof that G5 € J(©).

For the second statement of the lemma let 4(a —1)500--- = 7p be a factor-
ization such that d(#) — ¢(%) > e. If % is an initial factor of 4 then it is clear
that & reaches level e. On the other hand if # = 4 (a — 1) i, then we have
d¥0ap) —£(70af) = (d(7(a—1)f) +1) — (((3(a—1) i) + 1) > e. Thus &
reaches level e. |

In light of the previous lemma, let G'¢) denote the set of all generalized infinite
compositions & reaching level e, that satisfy d(7) —£(7) > e. We remark that the set
{Gs}seg constructed above is contained in J7(¢) and contains {Fy(z1,%2,...) :
Ja =7p, d(r) — €(n) > e}. Hence we have

Lemma 3.2. 7(©) = (Ga)gegto - =
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Our next task is to characterize the leading monomial of each function Gs;.
Before this we need to specify which monomial order we use. Let X¢ = 23" z3? - - -

and X# = 2 ¢5” --. be any two monomials where @ and § are two generalized
infinite compositions. We say that X% <j., X? if and only if d(a) > d(8), or
d(a&) = d(B) and the leftmost non-zero entry in [$1 — 61, B2 — &2, ... ,] is positive.

The order <, is a classical monomial order in the sense that it is a total order
and if X& <;,, XB, then X®X7 = X&+7 <, XP+t7 = XPX7. Here the sum of
generalized compositions is componentwise.

For any formal power series P = P(z1,%2,...) € Q[[z1,%2,...]] we let LM (P)
denote the leading monomial of P. That is LM (P) is the monomial of P with non-
zero coefficient of smallest degree and largest in lexicographic order. In other words,
the leading monomial for the order <;.,,. We let LC(P) denote the coefficient of
LM(P) in P. Remark that for any two functions P and @), we have LM (PQ) =
LM (P)LM(Q). We need the following result which is the extension for the G-
functions of Relation (2.1) for the F-functions.

Lemma 3.3. Let & =bp be any generalized infinite composition and b > 0.
G,;(;cg,:cg,...) z'szO,

3.3 Ga(21,22,...) = '
(33) (e--) {.Z'1G(b—1)ﬁ + Ra(wz,23,...)  ifb>0.

Proof. We remark that the function G;(z2,z3,...) is the function G;(z1,2,...)
in which the variable z; is replaced by z;;1. We let @ = 700--- and proceed by
induction on £(#7). If £(7) = 0 then we have Ggo... = 1 and (3.3) is valid. In the
following we extensively use the relation (2.1). If @ =bp00-- -, then Equation (3.1)
gives us Gg = Fp ,(21,22,...). If b> 1, then we get

Gpr--- = Fbp(.iEl,.'L'Q,...) = a:lF(b,l)p(wl,xg,...) + Fbp(l‘g,.z‘;g,...)
= mlG(b—l)pO--- + Rbpg...(mz,xg,...),
and (3.3) follows for this case with Rs(z2,23,...) = Fy (22, 23,...).

For b = 1, we first need to understand (3.3) in the case Gopo.... For this assume
that p = af. If a > 1, then the Definitions (3.1) and (3.2) give

Goago... = Gago...—IL'lG(a_l)go... = (Faﬁ_wlF(a—l)ﬁ)(wlax2;---)
= Fag(l'z,xg,...)ZGago...($2,$3,...)

If a = 1, then we use the induction hypothesis on £(05) = £(018) — 1 < £(D) to get

GOIBO--- = Glﬂ(]--- —.’1}1G050... = Flg(.'lil,.sz,...)—$1F5($2,$3,...)
= Fip(x2,73,...) = Gigo.-(22,73,...)
Now we can go back to the case of @ =1p0---:

Glpg... = Flp(m1;$27---) = .Z'le(.Tz,.'Eg,...) -+ Flp(.'Eg,.Z'g,...)
= 11Gopo... + Ripo..(w2,23,...),

where Rlpo...($2,$3, .. ) = Flp(mz,.fljg, e )

We then consider when @ = 0a300---. This is the factorization needed to
use (3.2) with k = £(%) + 1. If 4 is empty, then we have b = 0 and we are in the
case considered above. Assume that 4 = bf. If b = 0, then applying the induction
hypothesis we have

GOﬁOaﬁo...(!Ehﬂ?Z;. ) = Goﬁaﬂo...(ml,tL‘Q,. ) —.rngﬂ(a,l)go...(.'L'l,xz,. )
= Gﬁaﬂo-..($2,$3, . ) - $(k_1)+1Gﬁ(a_1)50...(.’L'2,1’3, .. )
= Gpoapo--(T2,23,...).
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Here remark we that even though £(fi) + 1 = k — 1, we have to replace zj_1 by
T(k—1)4+1 = T in the recurrence for Gz o4 50...(T2,3,...). For b> 0,

Gopoapo- = Gorpapo- —TkGyp(a—1)p0.-
= Z‘lG(b,l)ﬁago...+Rbﬁa50...(x2,x3,...)
— T (le(b—l) i(a—1)B80-. T Rbﬁ(a_l)go...(m, T3,... ))
= Z1(Go-1)aapo- — TkGb-1)(a—1) B0
+ Rygapo-(22,23,...) — Tp Ry i (a—1) po... (T2, T3, . . .)
= mlG(b—l)ﬁOaﬁO-n+Rbﬁ0aﬁ0---($2;$3;---);

where Ry 04 80..-(%2,%3,...) = (Rojiago — Tk Rb i (a—1) go-.) (T2, T3, - . .)- O
Corollary 3.4. For any generalized composition & we have LM (G3) = X&.

Proof. Let & = #00---. We proceed by induction on ¢(7) and the degree d =
d@) = Y a;. If () = 0 we have Gog... = 1 = X%, If {(p) > 1, then
let @ = bp as in Lemma 3.3. If b = 0, then the induction hypothesis on £(7)
gives LM (Goj;) = LM (Gj(z3,3,...)) = Nz al? ... = X& Now if b > 0 we
use the second part of Lemma 3.3 and the induction hypothesis on d, and get
LM(.Z‘lG(b_l) it + Ra(.%‘z,:l;’g, PN )) = .Z'lLM(G(b_l)ﬁ) = X&. O

Remark 3.5. From the above corollary, by triangularity, it is clear that the set {G5}
for all & forms a Hilbert basis of Q[[z1,z2...]]- We will see in Section 5 that in

fact {Ga}seg forms a Hilbert basis of 7(¢).

4. It 1S AT MOST CATALAN.

Let Q) = {Ga}zegeer be the generating set of J(© constructed in Lemma 3.2.
In this section we show that after reduction, at most the monomials corresponding
to Catalan paths form a Hilbert basis of R = Q[[z1, 3, -..]]/77- For this we reduce
every other monomial to these. In fact for R(®) = Q[[z1,x2,...]] /%, we show
that at most the monomials corresponding to paths above the line y = z — e
form a Hilbert basis of R(®), for all e > 0. We conclude this section with the
corresponding result for finitely many variables, Rgf) = Qz1,%2,... ,Zn) / ‘77&6),
which is a generalization of Theorem 1.2.

Given any generalized infinite composition & we associate a unique path in the
plane with steps going north or east. More precisely, for & = (&1, as, as,...), we
construct the path (0,0) = (&1,0) = (a1,1) = (61 + @2,1) = (61 + @2,2) —
(&1 + éo + @3,2) — --- . For example, for @ =0210300--- we have the path

5 Ts Ts

Z3

] 272‘

For every east step at height ¢ — 1 we associate a variable z;. The product of all
the variables associated to a path encoded by @& is denoted X%. We now remark
that for any factorization & = #p, the rightmost coordinate of the path at height
(%) —1is (d(7),£(7) — 1).
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Definition 4.1. For an integer e > 0, we say that a generalized composition & is
of type e-Catalan if its associated path remains above the line y = x — e. That is,
every coordinate (z;,y;) of the path is such that z; —y; <e.

Lemma 4.2. The monomials of Q[[x1,x2,...]] corresponding to paths remaining
above the line y = x — e contains a Hilbert basis of the quotient R(®).

Proof. Let X% be any monomial of degree d. If the path corresponding to & goes
under the line y = = — e, then let & = 7p be any factorization such that the
coordinate (d(7),£(7) — 1) is under the line y = z — e. That is d(7) — {(7) > e.
From Lemma 3.1 we conclude that the function G with leading monomial X is
in 7(¢). This monomial can thus be replaced by monomials of degree d but strictly
smaller with respect to <;.;. Repeating this step (possibly countably many times)
with the next largest monomial going under the line y = x — e, any monomial X 5_‘
can be reduced modulo the ideal 7(¢) to a series containing only monomials X 8
where § is of type e-Catalan. O

We are now in position to generalize Theorem 1.2 and prove it. For this, note
that the quasi-symmetric polynomials in n variables are defined by setting 0 =

Tptl = Tpao = --- in the quasi-symmetric functions. That is Fy(z1,Z2,--- ,%n) =
Fo(z1,22,. .. ,22,0,0,...). We then define J) = (Fy(z1,2s,...,2,) : a reaches
level e) and R = Qlz1, 2, .- ,:L"n]/JT(f). Similarly we set G (21,%2,... ,2n) =

Ga(z1,23, ... ,2n,0,0,...). It is clear that Lemma 3.1 holds for J5° in the same
way. More over if @ =200--- for £(#) = n then

LM(G&(:L'I;:EQJ-" ,Z’n)) = LM(G&($1;$2;-" anJOJOJ“‘)) = 1,11711.32 ”'mi}n‘

n

Let Cff) denote the number of generalized compositions & of type e-Catalan such
that & = 700--- and £(7) = n. These are in bijection with the paths from (0, 0)
to (n+e,n) that remain above the line y = z — e. Indeed, if we have a path of type
e-Catalan, it suffices to add a horizontal line from (9, + s +- - -+ Dy, 1) to (n+e, n).
When e = 0, we have CT(LO) = (,, the nth Catalan number. This enumerates the
classical Dyck paths from (0,0) to (n,n) remaining above the line y = z. See [16]
for an extensive account on Catalan numbers. We have the following generalization
to our Theorem 1.2.

Corollary 4.3. dim(R{Y) < C{?.

Proof. We use the same argument as in Lemma 4.2. For this we use the fact
that for any monomial #7222 - - - zv» in Q[z1, 22, ... ,x,], if ¥ reaches level e, then
Gio...(x1,22,... ,Tp) € J'¢). Hence a basis of R is contained in the monomials

corresponding to paths of type e-Catalan and our result follows. O

Again we expect the equality to hold and we will address this question in [2].

5. IT 1S A HILBERT BASIS

In the previous Section, the generating set Q(¢) = {G5}z¢cge of J(©) was used
to reduce every monomial to e-Catalan type generalized compositions. It is in fact
a Hilbert basis for the given ideal. We use here ideas of Grobner basis theory. This
is crucial to complete the proof of Theorem 1.1. Let us recall a few basic facts
about Grobner bases; see [8] for more details.
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To show that a set S is a Grobner basis it is enough to show that all polynomial
syzygies of that set are reducible in S. The polynomial syzygy of P and @ is
defined by S(P,Q) = LC(Q)MP — LC(P)M>Q where lem (LM (P),LM(Q)) =
My-LM(P) = My-LM(Q). This shows that the given set contains all the generators
of the leading monomials of the ideal. We use the classic Buchberger’s lemma, [8]:

Lemma 5.1. Given P,Q € S. If there is an R € S such that LM (R) divides
lem(LM(P),LM(Q)), and if both S(R,Q) and S(R,P) are reducible in S, then
S(P,Q) is reducible in S. O

This result is easily adapted to our context. We first remark that our sets Q(¢)
satisfies the following useful property:

Lemma 5.2. For all & < p (componentwise),
Ga € Q® = G;eQ®

Proof. If & = 7 satisfies d(7) — £(7) > e, then let r = £(7) and consider g = [
where £(5) = r. Since d(7) < d(¥), we have d(¥) — £(7) > d(7) — £(F) > e. By
Lemma 3.1, G; € [9]ON O

We can now adapt the proof (see [8]) of Lemma 5.1 to our situation. For any
pair &, 7 € G(¢), we define S(G4,G#) as before with our definition of LM and LC.
We show in this section that any such S(Gg,G#) is reducible in Q(¢). Let p € G(©)
be the unique element such that X? =lem (X%, X7) = M; X% = M, X% We have

S(G&,Gﬂ—) = MG — MGz = MlG&—Gﬁ-i-Gﬁ—MzGﬁ—
= S(G&,Gﬁ)+S(Gﬁ,Gﬁ).

If both S(G&,G;) and S(Gp,G5) are reducible in Q(©), then so is S(G4,Gz). Tt is
sufficient to show that all S(G,G}) are reducible in Q(®) for & < j componentwise.

We can reduce further our problem as follows. Assume that & and j in G
are generalized compositions of d; and dy respectively. If @ < p, then d; < d;. If
dy —d; > 1, we can select a generalized composition @ < 7 < p and use (5.1) again.
We can thus assume that dy — d; = 1. That is the two generalized compositions
differ on one part by one unit.

Lemma 5.3. The set Q9 is a Grébner basis of g,

(5.1)

Proof. From the discussion above it is sufficient to show that all the expressions of
J© of the form S(GiaB’G*’r (a—1)5) = G"yaﬁ - ka;Y (a—1) B where k = £(7) + 1,
are reducible in Q(®). Let us denote by ms, B(ml, Za,...) the leading monomial of

5(G5ap G5 (a-1)5)-

Let 8 = 900---. We set up an induction on £(#). Assume first that 7 = v is
a (possibly empty) standard composition. The second part of Lemma 3.1 and the
recursive definition (3.2) give S(G54v0--,G5(a=1)v0..) = G50av0.. € Q) If
77 is not standard, then let 3 = #0bp00--- for b > 0 and p a (possibly empty)
standard composition. Let £ = £(5a7) + 1. Using (3.2), we have

S(G5az0bp0- Gia—n)70bpo--) = Giar0bpo. = TkG5(a—1)70bp0-.-
= Giawbpo- —TeG5a7 (b-1) po--
—Tk (Gﬁ'(afl)frbyo--- - xlfG"y(afl)ﬁ-(bfl)uo---)

= S(G5a7bp0-G5(a=1)7bpo0-.)
—2¢ S(G5 a#(b-1)n0--» G5(a—1)(b=1)p 0---)-
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We observe that ms5q70bu0.--(Z1,%2,...) = TeM5070-1)po-(T1,22,...) since
Mm5a#bpo-.(1,%2,...) is distinct and lexicographically smaller than
Ty m,ya;,(b_l)uo...(arl,xg,. ) Thus S(G,;,aﬁ()buo...,G:y(a_l);ro(w(]...) is resolved by
two expressions such that £(7bu) = £(7(b — 1)u) < £(P) and by the induction
hypothesis S(G5 a7 05u0---» G5(a—1)7 0 buo--.) is reducible in Q). O

Corollary 5.4. The set Q(¢) is a Hilbert basis of J ().

Proof. Given an element P € J(¢) let X B = LM(P). Since Q(®) is a Grobner basis
it contains an element G such that & <  componentwise. Lemma 5.2 gives us
that G5 € Q(®). The element P — LC(P)-Gg € J(© is such that LM (P — LC(P) -

Gs) <tex X B If we repeat this process (possibly countably many times) we can
express P as a series in the elements of Q(®). O

We are now in position to conclude our investigation and prove the general
version of our Theorem 1.1.

Corollary 5.5. the monomial Hilbert basis of R'®) is given by the monomials of
Q[[z1, z2,z3,...]] corresponding to the paths of type e-Catalan.

Proof. As noted in Remark 3.5, the set {G5} forms a Hilbert basis of
Ql[z1,x2,x3,...]], and Corollary 5.4 gives that the set Q(¢) is a Hilbert basis of
J(©). Thus a Hilbert basis of the quotient R(®) = Q[[z1,z2, 3, ]]/% is given
by the set {G}\ Q® = {Ga | & corresponds to a path of type e-Catalan}. The
result follows by triangularity. O

Remark 5.6. To show the equality in Theorem 1.2, it appears that the set {G; |

£(&) = m,and & reaches level e} forms a linear basis of I8, Unfortunately the
argument of Section 5 is not sufficient to show this with finitely many variables and
it requires more work. This is the object of our collaboration in [2].
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