LATTICE DIAGRAM POLYNOMIALS
IN ONE SET OF VARIABLES

J-C. AVAL, F. BERGERON AND N. BERGERON

ABSTRACT. The space M, /; ; spanned by all partial derivatives of the lattice poly-
nomial A, /; i(X;Y) is investigated in [4] and many conjectures are given. Here,
we prove all these conjectures for the Y-degree zero component Mg Ji.j of M ;-
In particular, we give an explicit bases for Mg Jisj which allow us to prove directly
the central four term recurrence for these spaces.

1. INTRODUCTION

We are going to explicitly describe certain S,-modules of polynomials, in n vari-
ables z1,...,x,, that are closely related to classical harmonic polynomials for the
symmetric group S,. These last polynomials can be characterized by the fact that
they satisfy the conditions

> ok P(xy,...,7,) =0, k=123, (1)
=1

A classical result of Steinberg states that the set M,,, of all harmonic polynomials for
the symmetric group, is

Mn = Ea[An],

where A, = [[, <j(a:i — ;) is the Vandermonde determinant, and Ls[A,] denotes
the linear span of all partial derivatives of A,. It is certainly striking to notice
that the dimension of M, is n!, and there is a lot of other nice results related to
M,, and its generalization to reflection groups. The spaces studied here are natural
generalizations of these spaces and spaces studied by DeConcini and Procesi in [7]
and Garsia and Procesi [10].

The point of departure of this work consists in replacing A, by natural gener-
alizations of the Vandermonde determinant. To this end, let us define a general
lattice diagram to be any finite subset of N x N. The case corresponding to dia-
grams of partitions is of special interest. Recall that a partition u of n is a sequence
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1 > e > -+ > g > 0 of decreasing positive integers such that n = py + -+ - + -
We denote u = n this fact. For pF n, we set

pb = ! gl - - - puy!
The lattice diagram associated to a partition p is defined to be the set
{(5,5) 1 0<i<k—1,0<j< i},

and we use the symbol x4 both for the partition and its diagram. Most definitions
and conventions used in this text are those of [4]. For example, the diagram of the
partition (4,2,1) is geometrically represented as

02 0,3

and it consists of the lattice cells

{(07 0)7 (07 1)’ (07 2)’ (07 3)7 (17 O)’ (17 1)7 (27 0)}
Thus, the coordinates (r,c) of a cell are such that r + 1 (resp. ¢+ 1) is the row
number (resp. column number) for the cell position, counting from bottom up (resp.
left to right).

Given a lattice diagram D = {(r1,¢1), (12, ¢2), ..., (Tn, )} we define the lattice
determinant
Ap(X;Y) :=det ||y ||
where X = z1,29,...,2, and Y = y1,¥2,...,Yn. The polynomial Ap(X;Y) is
bihomogeneous of degree |r| = r; +---+ 7, in X and degree |¢|=¢;+---+¢, in Y.
To insure that this definition associates a unique polynomial to D, we order lattice
cells in increasing lexicographic order.

ij=1"7

We will need a few more definitions regarding partitions and diagrams. For an
n-cell diagram D, a tableau of shape D is an injective map 7': D — {1,2,... ,n}. If
T(r,c) = m, we say that hp(m) := r is the height of m in T. We say that T is row
increasing if T'(i,j) < T'(k, j) whenever i < k (when this has a meaning). Similarly
we define column increasing tableaux, and a standard tableau is one that is both row
and column increasing. We denote by Sp the set of all standard tableau of shape D.

With these definitions out of the way, we come to our object of interest, namely
the modules
MD = ﬁa[AD],

where D is some lattice diagram. The case where D = 1" (1" is the partition of n with
all parts equal to 1) corresponds to the classical module of harmonic polynomials.
This generalization was first considered by Garsia and Haiman [8], in the special case
when D = p is the lattice diagram of a partition. Since then, several other case
have been studied (see [4] and [5]). For any n-cell lattice diagram D, the space Mp
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affords the structure of an S,-module, through the action of the symmetric group on
polynomials consisting in permuting variables. More precisely, a permutation o € S,
acts diagonally on a polynomial P(X;Y’), as follows

GP(X;Y) = P(‘/‘EUI"Z’U27"' ’xa'n;ya'lﬁyaa"" 7y0'n)'

Under this action, Ap = Ap(X;Y) is clearly an alternant, hence M is an invariant
subspace of Q[X,Y].

Moreover, since Ap is bihomogeneous, M affords the following natural bigrading.
Denoting by #, s[Mp] the subspace consisting of the bihomogeneous elements of
degree r in X and degree s in Y, we have the direct sum decomposition

ol gl
Mo = DD el
r=0 s=0
The bigraded Hilbert series of Mp is
lp| gl
FD(q; t) = Z Z thS dim H'I‘,S[MD])
r=0 s=0
and the bigraded character of Mp is encoded by the following symmetric function,
»l g
Hp(X;q,t) =Y Y t'q" F(chH, [Mp]),
r=0 s=0

where chH, ;[Mp] denotes the character of H, [Mp] and F is the Frobenius corre-
spondence which maps the irreducible character x* to the Schur function S,. We say
that this symmetric function is the Bigraded Frobenius Characteristic of Mp.

The n!-factorial conjecture of Garsia and Haiman states that for any partition
diagram u, H,(X;q,t) is none other than a renormalized version of the Macdonald
polynomial associated to p. This has recently been shown by Haiman [11] using
an algebraic geometry approach. It develops that a very natural and combinatorial
recursive approach to the n!-conjecture involves diagrams obtained by removing a
single cell from a partition diagram. It is conjectured in [4] that, for such diagrams,
the space Mp is a direct sum of left regular representations of S,. More precisely, if
 is a partition of n+ 1, we denote by p/ij the lattice diagram obtained by removing
one of its cell (4,7) from the diagram p. We refer to the cell (4,7) as the hole of
w/ij. The conjecture in question states that the number of copies of the left regular
representations in M, ;; is equal to the cardinality of the (7, j)-shadow, that is the
cardinality of {(s,t) e p:s>1i,t> j}.

This, and more, is all encoded in the following four term recurrence for the bigraded
frobenius characteristic Hy/;; of M, ;.

Conjecture 1.1 ([4]). For all (i,7) € p, we have H,jij = Cpij.
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Where, C,/;; is defined by the following the following “four term” recurrence

tf _ a0+l tK—}—l G tﬂ—|—1 o qa—|—1

q
Cupij = Wcu/i,ﬂl M Cufirrd = —7 = o

Cu/i+1,j+1a (2)

where £ and a give the number of cells that are respectively north and east of (7, 7) in
. As boundary conditions, we set C,/; j11, Cpij+1 or Cpy4 41 equal to zero when the
corresponding cells (7,7 +1), (i+1,7) or (i+1,j+1) fall outside of p. Furthermore,
if (i,7) is a corner of u, then p/ij is a partition diagram v, and we set

Cujij = Hy.

For any lattice diagram D, we consider MY the Y-degree zero component of Mp,
this is to say that

|p|

Mg = @HT,O[MD] .

r=0

In this paper, we study the spaces Mg Jij and show that the Y-degree 0 specialization
of the conjecture 1.1 hold for these spaces. In particular this implies that

: n! ,
d1mM3/i,j:E {(r,c)epli<r<Ly, (3)

where £ is the largest integer for which the corresponding row of 4 has at least j cells.

Moreover, we obtain a formula for H}) Jij» the graded Frobenius character of M} Jij-

2. A BASIS FOR Mﬁ

In preparation for our description of the modules Mg Jij> e need to recall and
reformulate some results about the modules M 3. Although a recursive description
of a basis for M) is given in [6], and a direct description is given in [1], we give
here a new description directly in term of standard tableaux of shape . One can
immediately link this description to Tanisaki’s construction of the defining ideal of
M 3 Moreover, we will see that it clearly generalizes the “Artin” basis for M,, = MJ,:

B, :={0X*A,(X) | a= (a1,a92, ... ,a,), a; <7},
where we use the vectorial notation 0X? := 0x{* 0z5° ... dzi~.

First, let T be a tableau of shape D (any diagram), and define
YT = H y;('r,c)’
(r,c)eD

so that, for 1 < k < n, the exponent of yy is ¢, if (7, ¢) is the position of k£ in 7. For
example, if
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3] 6
T =
124\5 7\

then Yr =y, y6 y2 y2 y7. Clearly, the monomial Y7 encodes the columns in which the

entries of 1" appear. More precisely, let the column set of a diagram 7" of shape D,
be
I(T) :=={(k,T%(T) | 0 <k < max c},

(r,c)eD
where for a given k, the set I'y(T) is the set of entries in column &, that is

Lu(T) :={T(G,k) | (45,k) € D }.

Then Y7 = Yk, if and only if 7" and R have same column sets (up to the addition of
pairs of the form (k,{})). Observe that 7" and R need not be of the same shape.

We will denote 0Y 1 the differential operator obtained by replacing each y; in Y
by Oyr. With the same conventions, define

Xr:= H " and Zr = XpYrp.

T(r,c) ’
(r,c)eD

It is easy to see that T — Zp establishes is a bijection between injective tableaux of
shape D and monomials of the form

T1 €1l nT2,,C2 ... Tn,Cn
‘/L‘a'1 y0'1 1'0.2y0.2 'rL‘UnyO'n’

with o in S, and D = {(r1,¢1), (12, ¢2), - - . , (Tn, cn)} ordered lexicographically. If we

set
YD = H C!a

(r,c)eD
then we easily get the following lemma.

Lemma 2.1. For two tableauz T and R, both of shape D, one has
OYrZr=7p Xr
if R can be obtained from T by a column fixing permutation of its entries. Otherwise
oY rZp = 0.

Given a tableau T of shape D, we define the Garnir polynomial
Ar(X) = H det Ha:fnT(e)Hme@.
Yel(T)

Recall that hr(¢) is the height of £ in T’ this is to say that it is the first coordinate
of the cell in which it appears in 7. We have the following proposition.

Proposition 2.2. For any tableau T of shape D', we either have
8YTAD(X7 Y) == YD AT(‘Xv)a
or 8YTAD(X, Y)|y:0 =0.
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Clearly this last possibility can only occur if one of the column of D has a different
number of cells than the corresponding column of 7'.

Proof. We only give an outline of the proof, and restrict ourselves to the case when
each column of D has the same number of cells as the corresponding column of D’.
In that case, Yr has the same total Y-degree as Ap(X,Y), so that Y rAp(X,Y) is
a polynomial in the X variables only. Since the terms of Ap(X,Y) are

5ign(0) 23} Yo, T53Ys, * TonYons
in view of lemma 2.1, the terms of 0Y rAp(X,Y) are forced to be of the form 0Y r Zr
for tableaux R that have the same column set has 7. On the other hand, since
Y rA,(X,Y) alternates in sign under the action of column fixing permutations, it
has to be a multiple of A7(X). Hence, both polynomials having the same degree, we
must have the equality stated. O

We now associate to each entry j, of a standard tableau 7', a non negative integer
in the following manner. Let (7}, ¢;) be the position of j in T, and let k£ be the largest
entry of 7', such that ¢, =¢; +1 and k < j. We set

a(j) = ar(j) =r; — 1.

If there is no such &, set a(j) := r; + 1. For the example given below, the value of
a(k) appears in the cell of the right tableau corresponding to the position of & in the
left tableau.

6
2 7\9 10\

5 3
4 8 9|
3 1
1 1

2
2
1

1011
Clearly, if T" is the unique tableau corresponding to a column:

n

2
1

then a(j) =j — 1.

As shown in [9, 6] the space Ly[Ar(X) : T € S,] (the span of all partial derivative
of Garnir polynomials for tableaux of shape u) coincides with the space M 3 . Using
this characterization, we will now construct a basis for M 3. But first, let us introduce
some further notation.
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For p partition of n, let (1) be the set of partitions of n — 1 that can be obtained
from p by removing one of its corner. For v € 7(u), we denote pu/v the corner by
which v differs from p. Let us label vy, ... v, the partitions in the set 7(u), (for
definition, see the proof of theorem 2.3) following the increasing order of the column
number in which the corresponding corners, the u/v;’s, appear. In other words,
if (a;,b;), 1 < i < k, are the respective coordinates of the corner cells u/v;, then
by < by < ... < bg. Any standard tableau 7" of shape p is such that n sits in a corner
(aj,b;) of u. Moreover, the value of o (n) depends only on the position of this corner
(and on the shape p), since all other entries of 7" are smaller. Denoting ¢; the value
of ar(n), if n appears in position (a;, b;) in T, it is clear that

Qj = @ = @jq1. (4)
Theorem 2.3. For any partition u of n, the set of polynomials
B, :={0X™Ar(X) | T €S,, m=(my,ms, ..., m,) and 0 < m; < ar(i) }

is a basis of M.

Proof. We first show recursively that B, is independent, assuming that the statement
holds for partitions with at most n — 1 cells. As before, for v; € w(u), let (a;,b;) be
the corner p/v;, with by < by < ... < by, and define

B,:={X™|TeS,, 0<m;<ar(i), T(ab;)=n}.
In view of (4), for X™ € B;, the dominant monomial of 0X™ A7(X) (in reverse
lexicographic order) is of the form
xpi~Mn XP (where p, =0),
with 0 < m,, < a; — a;+1. For k fixed with a;41 < k < a;, the set
By :={0X™Ar(X) | T €S,, 0<m;<ar(i), T(aj;,b;)=n, m,=a;—Fk },

is independent, since (in reverse lexicographic order) we have the following expansion
of 0X™ Ar(X)

OX™ Ar(X) = 2F0XP Ap (X) + o

lower terms

where 1" is the restriction of 7" to v;. Clearly, the sets B, are mutually independent,
SO

Bﬂ == H-JBj’k (*)
J:k
is independent.

We will now show that the number of elements of B, is

n!
IBM=E, (5)
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using a recursive argument, assuming that the statement holds for v; € m(u). By
recursion, it is clear that
(n—1)!

|
Vj:

| Bjk

so that (in view of (x))

k

Z (n—1)!
‘BN‘ = aj | :

—1 Z/j.

The result follows from the easy observation that

k
n= Zaj (a; +1),
j=1

since
|
a; +1= i'
Vj.
is the length of the row of x in which sits the corner (a;, b;). A ”geometric” argument,
that can be found in [10], shows that the dimension of M} is at most Z—: Thus B, is

a basis. 0

It is shown in [10] that the graded Frobenius character of the M])’s are none other
than the Hall-Littlewood symmetric functions.

0
3. A BASIS FOR Mu/i].

The central result of this paper is the following description of a basis for M 3 Jig>
with p any fixed partition of n + 1, and (4,7) any given cell of u. The proof that it
is a generator set is postponed until the next section.

For a standard tableau 7', let By simply denote the set
BT:={X"‘|0§mS§aT(s) }

For v, a partition of n obtained from p by removing the corner cell (ay, bg). The basis
of My := M,,, described in the previous section, is

B, = {0X™Ar(X) | T €S,,, X™ €Br }.

If T is a standard tableau of shape v, and 0 < u < a, an integer, we denote T 1,
the tableau of shape p/uv (with v = b;), such that

T(r,c) ifc£vorr<u,

TTuu (’I‘,C)Z
T(r—1,¢) ifc=vandr>u.
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Since (u,v) is not in p/uv, T 1y, need not be defined at (u,v). In other words, the
tableau 7' 1y, is obtained from 7" by “sliding” upward by 1 the cells in column v that
are on or above row u. For u and v as above, we set

Auv = {aXmATTu,U(X) | Xxm € BT, T € SVZ}' (6)

Observe that 4, implicitly depends on the choice of corner (ay, bg) of p, since v is
equal to by. Moreover, A,, 5, is the basis of MB[ described in theorem 2.3, thus A,, s,
is independent.

Let (a1,b1), ... ,(@m,bpm) (With by < -+ < by,) be the set of corners of u that are
in the “shadow” of (4,7). This is to say that ¢ < ay and j < by, for all 1 < £ < m.
Once again, we denote oy the value of ar(n + 1) for any standard tableau of shape
p having n 4+ 1 in position (ag, by). Defining

m min(i+a;—1,az)

Byij - U U Aup, (7)

we have

Theorem 3.1. For u a partition of n+1 and (i,7) € p, Byij is a basis of M /U

Proof. In the remainder of this section, we will prove that (7) is an independent set
using a downward recursive argument, and that the number of elements of B, /;; is

Ay yij - Z Hir (8)

Z >4
Myt 2]

To complete the proof of the theorem, we will show in section 4 that the dimension
of M}, is at most equal to dy;, so that My . has to coincide with the span of
O

Bu/ ij-

The cardinality of A, , is clearly

n! n!
3 Hutl = —5 M1
! !

since this is the same as n!/y,!. If (7) is a disjoint union (which would follow from it
being independent) then must have

|Bu/ij | = du/ij (9)

Let
Dx :=0x1 +0x9 + ...+ 0z, .
We recall the following special case of proposition (I1.2) of [4].
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Proposition 3.2. If (i +1,j) is in u, then
DX Au/i,j (X, Y) —cte Au/'H—l,j (X, Y)

Otherwise Dx A,i;(X,Y) = 0, and this corresponds to the case where (i, j) is on the
top border of . The symbol “=..” stands for equality up to a non zero constant.

It is easy to adapt the proof of this fact to show that, for 7" a standard tableau of
shape v, (with p/vy = (ag, b)) and 0 < u < a4, we have

ATTu+1,u (X) if u < Ay ,

DX ATTu,v (X) —cte (10)
0 if u=uay,

where v = b,. It follows from definition (6) that
Lemma 3.3. Using the same convention as above, we have
Ayiip, tfu<ag,

DX -Au,b[ —cte (11)
{0} ifu=ay,

Since these two sets have the same cardinality we deduce, from the linear indepen-
dence of A,,;,, that each A, ;, is independent. Applying Dx to both sides of (7) we
readily check that

Byjit1; = Dx Buyij - (12)
But we know that Dx A, 5, = {0}, and it is clear that A is a subset of B, ;;.

A dimension count, together with the recursive assumption, forces B,/i;1,; to be
independent, since

A, bm

n! n!
dyjiviy + | A b | = = Z Wit + — Hit1 = dyyij -
K- i'>it+1 K-
I«WZj

This ends the proof of theorem 3.1.

4. UPPER BOUND FOR THE DIMENSION OF Mg/ij
We first give an upper bound for the dimension of M 3 Jij- Given any polynomial
P(X,Y), we denote by P(0) the operator obtained from P by replacing all the
variables x; and y; by dz; and Oy;, respectively.

Theorem 4.1. For u a partition of n + 1,
!
) 0 n!
dim M, ; < l > h

>
Myt 2]
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Proof. In [4], the bigraded S,-modules M, /;; and L[0%n41'0yns1? A, (X;Y)] are
shown to be equivalent, hence their Y-degree zero components

M? and  Lo[0Zn11" 01’ Au(X;Y)]°,

n/i3
are equivalent. For T' € S, with ¢, 11 > j, we have Y = nyHYa and
7, Ap(X) =0YrAL(X,Y)
so that
Lo[0%n 11" 0Yn 1’ D (X; V)]’ = Lo[02n 1 Ar(X) | T € Sy, Cnp1 > J]

For « = ay,...,an (h = 4(p)) and B = B1,..., 0 (I = £(y')) two families of
pairwise distinct scalars, we construct [p,]; ; a set of points in C2"+1) by the following
process: For every injective tableau T' of shape u, we construct the point (a,.,b,) in
C2+1) where a, (k) = oy, and b, (k) = 5.,, and set

loulig = {(ar,br), cnp1 > J, Tagr > i}
That is n + 1 lies in the shadow of (i, 7).

k

We denote by [Pu] its projection on C**! by keeping only the first n + 1 entries.
We see that the set of tableaux with n + 1 entries strictly increasing in rows and
where n+ 1 lies in a row ¢’ such that " > i and py > j give distinct points. One then
easily verifies that the cardinality of [pu]o . is precisely

G = 2 S

' >
Myt >3

We then associate to this set Jj, o , its annulator ideal and define H,, (J[p# Ot
The dimension of H[pp]?j is also du/zj

For any polynomial P in J[p#]?j. We define

QX,Y) = P(X) [[@ns1 — ai) [ [ nsr — Bo)-

=1 =1
It is clear that Q(X,Y) is in Jy,,),;, the annulator ideal of [p,];;. Hence h(Q) =
h(P)x} 1Yo,y is in gr(Jp,,);,;), its graded version. Thus we have:
Ay (9)h(Q)(9).A, = 0 = h(P)(8)0a}, 10y, 1 Ay (8).A4 = h(P)(8)0a}, 1. Ay
Thus h(P) is in I, i .Ap- We obtain this way that grJy, A2 is a subset of Ip,i
for any 7" with the prescrlbed conditions. It is then easy to obtain that

‘Ca[ $n+1AT | T € Sua Cn+1 2 ]] C H[pu]?’ja

Ap

which proves the theorem. O
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5. FOUR TERM RECURRENCE

Specializing conjecture 1.1 to its Y-degree 0 component, corresponds to setting
¢ = 0 in the four term recurrence (2). We now show that this specialization of
conjecture 1.1 holds, by giving an explicit interpretation of the resulting recurrence
in term of the basis we have constructed for M 3 Jij-

Theorem 5.1. If Hg/i,j denotes the graded Frobenius characteristic of Mg/ij then:

-1

[} Zfa:() (lnd£>0, H[g/l,]:tszg/l,j-Fli

) ZfCL > 0, Hg/i,j = Hg/i,j+1 + tHg/'H—l,j - tHl(l)'/i-H,j"‘l'

e ifa=0and { =0, Hﬁ/ij is the graded Frobenius characteristic of M?, where
v is the partition pu/ij.

Here (as before) a is the number of cells that are north-east of (i,7) in p. If any of
the cells (i +1,7), (3,7 + 1) or (i + 1,5+ 1) falls out of p, then the corresponding
term s considered to be 0.

Proof. Each of these assertions can be shown using the basis we have constructed.
The third one is just a direct observation. The first one corresponds to a case for
which there is just one corner (a,, by,) in the shadow of (i, j), with b,, = j, and then
(7) can be written as

0
Bujis = J Aituy
u=0

Since, as long as (k + 1, ) is in u, Dx is an isomorphism of representations between
the homogeneous S,-modules A ; and Ay, ; that lowers the degree by 1, we must
have

Fi(Arj) = t Fi(Agy14)

where F; stands for the graded Frobenius characteristic. We deduce that, in the first
case,

Buij=Q+t+...+t) H

with pu/v = (am, by). This is clearly equivalent to the statement of the first case.

For the second case there are a few subcases, all similarly dealt with, the most
interesting one being when 7 = b; and m > 1 for which the basis can clearly be

broken down as
a1 —1

Bu/ij = Bu/i,j+1 & U Au,bl

u=1
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and we only need to show that the graded Frobenius characteristic of the linear span
of

1+a1—1
U -Au,bl
u=t
is given by
t(Hﬁ/m,j - Hg/i+1,j+1)- (13)

Now we clearly have B, ii1,j+1 C Byujiy1,, With Dx U:;Zfl_lAu,bl being the com-

plement of B,/i11,4+1 in Byjit1,;. Under the hypothesis of this subcase, the graded
Frobenius characteristic of the span of [ J'T%' ™" A, ,, is thus given by (13). All other

uU=1
subcases are simple to show. O

6. REMARKS

Remark 6.1. In [6] (proposition 2.2), N. Bergeron and Garsia show that the spaces
M S are nested into each other according to their partition indexing. That is

pA = MpCMm
where “<” denotes the dominance order. Moreover they show that
0 0 0
Mu ﬂ M)\ - M[,L/\A'

Using our basis, it is easy to show that both these results extend to the situation
studied in this paper. Namely,

Proposition 6.2. For two partition i and A of n+ 1, we have
RN = My, C My,

and
0 0
whenever (i,j) appears in both p and A.

ji = Mynasiso
Remark 6.3. For p a partition of n (denoted p F n), Macdonald has given an
explicit description of the coefficients appearing in the Pieri formula for the H,:

hy Ho(X;q,0) = ) b, (¢, ) H (X3 4,1)
vEn—k
vCp

where hi- is the operator dual to multiplication by hy, (complete homegeneous) with
respect to the usual scalar product on symmetric functions for which the Schur func-
tions are orthonormal. These coefficients cfw(q, t) are rational functions in ¢ and ¢.
Now, let p be the partition of m corresponding to the shadow of (7, 7) in p, with m
equal to the number of cells in this shadow. F. Bergeron has conjectured in [3] that
the following symmetric function

Z C,ﬁu(q’ t)HN*p-H/(X; Qat)’ (14)

vEm—k
vCp
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where p — p 4 v stands for the partition obtained from p by replacing p (the shadow
of (i,7)) by v, is the bigraded Frobenius characteristic of the module M 5 /i; Obtained
as the union of all modules Mp, for D ranging in the set of diagrams obtained from
w by removing k cells in the shadow of (¢, 7). This would imply that the dimension of
Mﬁ/i]— be equal to () (n—Fk)!. J.-C. Aval, in [2], has shown that this value is an upper
bound, and has generalized the construction of this paper to obtain an explicit basis
for the 0 Y-degree component of M,]f/ij- One can show that the graded Frobenius
characteristic of the resulting space is the symmetric function obtained by taking the
limit as ¢ — 0 of (14).

Remark 6.4. One can explicitly characterize the defining ideal of the space Mg
This will be the subject of a forthcoming paper.

fis
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