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• � �� � �� �� �� �� �� A � � B �� � �� � �� �  ! "$# �  % � &' ( � �)

Pr(A ∩ B) = Pr(A)Pr(B).

• * � �+ , � �- - � Ai, i = 1, ..., n (� . �� � � � � �� �� � � �� � � � � �  ! "$# �  % � &#  % � '

'/ � # � ' # 0 12 # ( � � 3� � 4 �� � � � � � �65 � � � � � 7 - � J ⊂ {1, ..., n})

Pr





⋂

i∈J

Ai



 =
∏

i∈J

Pr(Ai).

8 9: ;< =$> 9? @� � 4� � � � � � 4 � 4 - . �� � � 3 � � � , � A �� .� � �+ , � �- - � Ai, i = 1, ..., n (

� - � � � � B � 3 , � � � 3 4� � � � 4 C � � - � � Ai�� � �D 5 E5 D �� � � 3 �� � , � �� ( A� � � �

- � � � � � 4 � - . � � � � 3 - � � � �� , � �F

G



�� 9: ��� 9? �� � � Ω = {1,2,3,4,5,6,7,8} - . � � 3 , A � , � � � A � � , � � � 4 , � �

� .� � � � E � + , A � � , � � A - , 3 4� 7 , 7 �- � � � � � �+ � 4� � 1
8F �� � �� � )

A1 = {1,2,3,4}

A2 = {1,2,5,6}

A3 = {3,4,5,6}

� � , )

Pr(A1 ∩ A2) = Pr({1,2}) =
1

4
=Pr(A1)Pr(A2)

Pr(A1 ∩ A3) = Pr({3,4}) =
1

4
=Pr(A1)Pr(A3)

Pr(A2 ∩ A3) = Pr({5,6}) =
1

4
=Pr(A2)Pr(A3)

	



� 4 )

Pr(A1 ∩ A2 ∩ A3) = Pr(∅) = 0 6=Pr(A1)Pr(A2)Pr(A3) =
1

8
.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� � � �� � �� � � � � � � � � � �� � �� �

� - , 4 4 �� � C � � - , � � � � � � � .� � �� � � � � �� � � � � �	 � - , 3 4� 7 , 7 �- � � � �� � � � , - �5

� �� � ,
 � A � � � E � � , � � 4 � F � , � � � �� � � � 3 4� 7 , 7 �- � � � A� � � � � �� � � � - - � � � �

�� � 4� � � � � � , 	 � � � + � 4� , - �� � 4 - � A� � A � 3 � � � - , 3 4� 7 , 7 �- � � � � � - .� A A� 45

4 � � A � � .� � �� �� �� �� � B � , A� , � � C � .� � , � � 4 � A� . � � � 3 4� � � � �F





�� �� � � �� � � � � � � � � � C � � B A� � � � � �� � � � 3 , 4 A � �� 0 " 2� ��� # " % ' C � � A

3 4 � A� � � � � A � � � , � 4 �� � � � B �� , � � - .� 4� 4 � A � 4� � � -� � � C � � �F

�	 
� ��
 
� * � � � � � �+ � 4� � � � � - , � A � � � � � � � � , � � � � C � � - � 3� �� �

� 7 � �� � � � � 3 , � 4 � �� �� �� �� � A �F � � � - - � � � � - , 3 4� 7 , 7 �- � � � 3� � 4 C � � - �

3� �� � � � � � , � � � �� �� � �� � � � � �� � B ���

�



� - � � � A - , � 4 C � � - � � � � � � - � � 3 , A � � A� � � � � �� � � � 3 , 4 - . �� �� �� �� � A �

� � 4 - � C � � - - � � �� � � � � � � �� � - �� � � � , � 4 � � � � � � E � � 	 � � 4 � � � Ω′ = A ( C � �

A� � � � � � � 3 � - �� �� �� F � 4 ( - , 3� 4 � �� � � � A C � � � � � �� � �� � � � � 3 � + , � � 5

4 , 7 - � E B � � A� � � � �� � 2F � - � � �� � � A 4 , ��� � � , 7 - �� �� � 	 � � 4 - , 3 4� 7 , 7 �- � � �

� � B A� � � � � �� � � � 3 , 4 A 3 , 4 - � 4 , � �� 2
3 � E A� � 3 , 4 � 4 , � � A Pr(B) = 1

2 �F

	 
� �
 �
 � � �? �� � � (Ω, P r)� � � � 3 , A � 3 4� 7 , 7 �- �� � � �� A 4 � � � � � � � � A� �

�� � � � � �� �� � 3 4� 7 , 7 �- � � � � � � � � - - � F � � � � 	 � � � � � 4 P(Ω) ( - . , 3 3 - � A , � �� �

Pr(./A) E � , - �� 4� � , � � [0,1] 3 , 4 )

Pr(B/A) =
Pr(A ∩ B)

Pr(A)
, ∀B ∈ P(Ω).

� � , 3 3 � - - � Pr(B/A) " �/ 1% 1� 2� &! �/ �  � &� / � �# 2 2 #  # B ' % �� % � & A �� �

" �/ 1 % 1� 2� &!  # B ' % �� % � & A �F

�



�� � � , � � � � , -� 4� )
Pr(A ∩ B) = Pr(B/A)Pr(A).

�� � � � �� � � � , -� 4� C � � - .� � , # � # � &� ! � � �/ �  � &� / � �# 0 # � & " % �� �

� , � � - � A , � � � Pr(A) 6= 0 ( - . �� � � 3 � � � , � A � � � A � � B � � � � C � �� , - �� � �

E Pr(B/A) = Pr(B) � A � C � � � � � � � , A A� 4� , � � A � , � � 	 � � � �� � �� �� � � �� � F

� < � � � �
 �
 � � ? � � A� � 3 - � (A, Pr(./A)) � � � � � � � 3 , A � 3 4� 7 , 7 �- �� �� �� A 4 � �F

� < � � � �
 �
 � � ? �� � � A1, ..., An � � � 3 , 4 � � � �� � � � ΩF � � A� , A� � � � A � �

� � � � � 7 - � � � � �� � 3 4� 7 , 7 �- � � � � � � � � - - � ( , -� 4� )
Pr(B) =

n
∑

i=1

Pr(Ai)Pr(B/Ai), ∀B ∈ P(Ω).

�



�� � �� � � � - , � A � � � � � � � � � � �+ � 4� � � F

• � � � - - � � � � - , 3 4� 7 , 7 �- � � � � . , � � � 4� 7 � � � � � � � � � 7 - � � , A � , � � C � � - ,

�� � � � � � � 3� �� �� � , � � 8�
• � � � - - � � � � - , 3 4� 7 , 7 �- � � � � . , � � � 4� 7 � � � � � � � � � 7 - � � , A � , � � C � � - ,

�� � � � � � � 3� �� �� � , � � , � � � �� � 10�

� � � > �
 � � � � � , A� � � � � A � � 3 4� 7 , 7 �- � � � � A� � � � � �� � � � - - � � � � �� � 	 � � � 3 , 4

� � � + 4 , A � �� � � � � � - � � � � � 4 , � � � 4 � � � - , 3 4� 7 , 7 �- � � � � � - . �� � � 4� � A � �� � � �

- � � � � � � �� , � �� 4 A � - - � � � - , A� � � � � �� � F � � � 4� � � � + , A �- �� � � � )

• Pr(� � � 7 - � /S = 8) =
1/36
5/36

= 1
5.

• Pr(� � � 7 - � /S ≥ 10) =
2/36
6/36

= 1
3.
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 � 9 � � ;> � 9 �

�� � � - . �� � � � � �� � B A , � � � 3 , 4 - .� � � � � �� �� �� �� �� A1, A2, ..., An ( �� � �

� � 3 4� 7 , 7 �- � � � � � � � � - - � F � � A� � � ,� � - � � 3 4� 7 , 7 �- � � � � Pr(Ai)� � A � �

� � 4� � � 4� �� �� �� �� �� � � , � � � � - � � 3 4� 7 , 7 � - � � � � A� � � � � �� � � � - - � � Pr(B/Ai)F

�� � � � � � � 4� � � � 4 - � � 3 4� 7 , 7 �- � � � � � � � A , � � � � � , A� , � � C � � B � . � � �

3 4� � � � � ( �F � F - � � 3 4� 7 , 7 �- � � � � Pr(Ai/B)�

�� 
 � < �: 9 �	� � < : > � 9 � 9 
 ; � 9 � �? �� � � A1, ..., An� � � 3 , 4 � � � �� � � � Ω

� � - - � C � � Pr(Ai) 6= 0,∀i = 1, ..., nF �� � � B� � �� �� �� �� �� � 3 4� 7 , 7 �- � � �

� � � � � - - � F �� � � , � � � � )

Pr(Ai/B) =
Pr(Ai)Pr(B/Ai)

∑n
j=1 Pr(Aj)Pr(B/Aj)

, i = 1,2, ..., n






� � 3 , 4 � � A� - � � 4 ( 3� � 4� �� � �� �� �� �� �� A � � B� � 3 4� 7 , 7 �- � � � � � � � � - - � (

� � � � , � � � � )

Pr(A/B) =
Pr(A)Pr(B/A)

Pr(B)
.

• Pr(A)) " �/ 1 % 1� 2� &! % " �� / ��  # A

• Pr(A/B)) " �/ 1% 1� 2� &! % "/ ' &# �� / ��  # A

�



�� � �� ��� F � 4 � � � �F � , � � � � � �� � � - �� �� � ( � � A , � � �� , �� � � � A� � �5

� � 4 � � � C � � � � �� � � � 4 � 3 � A� , � � � � � � 4 , � � , � � , � , 4� 3 , 4� � � 3 , 3 � � 4� F � -

� , )
� � � � C � � � � �� � + , A �- � , � � A � A � , � A � � � � 4� � � � � � � � 4 - , 4 � 3� � � �

A� 4 4 � A � � (

� � � � C � � � � �� � � � � �� � � , � � A D A� , � A � � � � 4 � � � � � � � � 4 - , 4 � 3� � � �

A� 4 4 � A � � ( � �

� � � � C � � � � �� � � � B A �- � , � � A � A � , � A � � � 4 � � � � � � � � 4 - , 4 � 3� � � �

A� 4 4 � A � � F

� , A� , � � C � � - � A , � � �� , � , � � � � � - , 4 � 3� � � � A� 4 4 � A � � ( C � � - - � � � � - ,

3 4� 7 , 7 �- � � � 3� � 4 C � . �- � . , � �� � � � � - , C � � � � �� � + , A � - � �

G �



� � � > �
 � � � � � � � � � � � � 3 , 4 F ( M � � D - � � �� � � � � �� �� � � 4 , � � � � - ,

C � � � � �� � + , A �- � (� � - , C � � � � �� � � � � �� � � � �� � - , C � � � � �� � � � B A �- � 4 � �65

3 � A � �� �� � � �F �� � � ( 3 , 4 , �- - �� 4� ( - . �� �� �� � � � � 4 � 3� � � � A� 4 4 � A � � � � � � �

3 , 4 CF
� . , 3 4� � - , + � 4� � - � � � � , � � � ( � � � � , � � � � )

Pr(F/C) =
Pr(F )Pr(C/F)

Pr(C/F )Pr(F ) + Pr(C/M)Pr(M) + Pr(C/D)Pr(D)
,

A � C � � � , � � )

1
3.34

1
3.34 + 1

3.25 + 1
3.15

=
5

9
.

G G



� � � � � � � � � ��

� , � � - , � � � � � ( � � � � A� � � �� � 4� � � � � A� � 3 - �� � � F , F ( � , �� - . � �� � � � . � � �� �

E � � � � � 7 4 � C � � - A� � C � � � � � F , F

	 
� �
 �
 � � �? �� � � � � X � � Y� � � � � F , F 4 � � - - � � � � 4 - � � �� � � � 3 , A �

ΩF � � A� � 3 - � (X, Y ) 3 �� � � � 4 � A� � � �� � 4 � A� � � � � � � � A � � � 4 , - � , �� � 4 �

� � 4 ΩF � , -� � � � � , 3 3 � - � � 2/ � �/ � �/ � � &# � � (X, Y )F � , A� � � , �� � , � A � � �

A � � � � � � 4� �� 4 � 3 � 4� � � � � 4 � � 4� � � � 4 - , -� �� � X � � A � - - � � � Y �� � �� �5

� � � - - � � � � �F � � �
 � � ( 3� � 4 �� � � � � � � � 7 - � A ⊂ X(Ω) � � �� � � �� � � � 7 - �

B ⊂ Y (Ω))

Pr1(X ∈ A) = Pr(X ∈ A, Y ∈ R)

� �

Pr2(Y ∈ B) = Pr(X ∈ R, Y ∈ B).

G 	



X � � Y � � � �� � � � � � �  ! "$# �  % � &# ' ( � � 3� � 4 �� � � �� � �� 7 - � A ⊂ X(Ω) � �

�� � � � � � � � 7 - � B ⊂ Y (Ω))
Pr(X ∈ A, Y ∈ B) = Pr1(X ∈ A)Pr2(Y ∈ B).

� � � � �� � 4 � 7 � � �� � � Pr1 � � Pr2� � � � , 3 3 � - � � � 2/ � ' 0 % � �� � % 2 # ' � � � � A � � � 4

(X, Y )F � , � � - , � � � � � ( � � � � � � 3 3 4 �� � � � - � � �� � � A � � � � Pr -� 4� C � . �- � .
�

, 3 , � - � � , � � � 4� � A� � + � � �� � F � , A� � � , �� � , � A � � � � -� �� � , 4 � �� , - � � � �

3 � 4� � � 3 , � � � 4 � A� � � � 4� � 4 � - , -� � A� � �� �� � � F

�� 9: ��� 9? � � - , � A � � � � 3 �� A � , � �� �� � � C � � � � � 3 4 �� �� 4 � + � �� F @� � 4

- � D � - , � A � 4 (� � A� � � �� � 4 � � �� � 3� � � � 7 �- � � � � )

G 




� ? � � 4 � 3 4 �� � - , 3 �� A � � �� � - , 4 � 3� � � � � 4 - , � �� � + , A � F


 ? � � - , 4 � - , � A � �� � � 3 �� � , � � �� �� � 3 4 � � � � 4 - , � A � 4F

� � � -� �� A� � �� �� � � � � � � �� � � � � � � 3 , 4 )

� ? Pr({F, F}) = Pr({P, P}) =1
2 � � Pr({F, P}) = Pr({P, F}) =0.


 ? Pr({F, F}) = Pr({P, F}) = Pr({F, P}) = Pr({P, P}) = 1
4.

� - � . , � � �� � � A � � � �� � -� �� � �� � �� A � � �

� � � -� �� � , 4 � �� , - � � � , � � - � � � �� � A , � � � � �� � � � � � � 3 , 4 )

Pr({P}) = Pr({F}) =
1

2
.

@� � 4� �� � -� �� A� � �� �� � � � � �� � �� A � � � (� � , - � � � �� � � -� �� � , 4 � �� , - � � F
G �



� � ��� � �� �	 
� � �
 �
 � � � 	 � �	

�� � � X � � � � F , F � � � � � � A � � �� �� �� �� � � � 3 4� 7 , 7 �- � � � � � � � � - - � F

� .# ' " ! �% � �#  # X ' % �� % � & A � � �� � 	 � � � 3 , 4 )

E(X/A) = EPr(./A)X

� � )

E(X/A) =
1

Pr(A)

∑

ω∈A

X(ω)Pr({ω}).

�� 9: ��� 9? � � � - - � � � � - . � � 3 � 4 , � A � � .� � � � � � �+ � 4� � � , A � , � � C � � - �

� � � 7 4 � � � 4 � � � � � �� + � 4 � �� 4� � � � , - E � �

G �



� � � > �
 � � � �� � � X - , � F , F , � � � A � � � , � - , � A � 4� � � � F � . �� �� �� � � � A

, � � � A � � E - , A� � � � � �� � � � � - . �� � �� 7 - � {1,2,3}F � , 3 4� 7 , 7 �- � � � � � - ,

A� � � � � �� � A � � � 1
2F � . � � 3 � 4 , � A � A� � � � � �� � � � - - � 4 � A� � 4 A � � � � , � � )

E(X/A) =
1
1
2

[
1

6
+

2

6
+

3

6
] = 2.

G �


