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1.1- PREFIX MATRICES- OPERATIONS

Let us remark:

<P(X*)7U7 '7®7 {5}> ~ <B<< X >>>+7 5 0, 1>'

We rather use the second notation.
We call aseries S = ) . x- Sw - w prefix-free iff: for every
u,v € X*,

(Syp =1and S, =1) =>v=c.

DBERSEMINAR-FMI-14/01/05
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Definition 1 A row-vecfor (Ay,..., A;,..., Ap) € (B X )™ s
said prefix-free iff

I-the supports of the A;’s are disjoint

2-3"1 A, Is prefix-free,

Definition 2 A matrix A € (B{({ X )))"*™ is said prefix-free iff
every row-vector (A; 1,...,Aij,...,Aim) IS prefix-free.

Example 3 Some prefix matrices:

ab 0 a*c a
( ab 0 a*c > : 1 0 0 : ab*c
abc abd a*cd abc + ac
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1.1- PREFIX MATRICES- OPERATIONS

Product: defined as usual.
let A,B € (B{{ X )))1*™ and 1 < jo < m.
If A = (al,...,aj,...,am),B: (bl,...,bj,...,bm) then

AvjoB — (a1—|—aj0'b17 RN aj0—1+aj0°bjo—17 07 a’jo+1+ajo°bjo+17 t 7am+a’jo°bm>

% _ % % % %
VJO(A> _ (ajo ) a].?. te 7a]0 ) a]0—1707 ajo ’ a]0+17‘ s 7a]0 ’ am)
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We denote by DB, ,, ({ X )) the set of prefix matrices (which
will furn out to be a particular case of Deterministic matrices).

lemma4 [ef A e DB, ,(( X )),BeDB,, (X)) Then
A B¢ DBn,S<< X >>

Lemmad Lef A, B € DB, ,,,(( X)) and1 < jo < m. Then
1-AV; B € DBy ,, ({ X ))
2-V},(A) € DBy ({ X))
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1.2- PREFIX MATRICES- RIGHT-ACTION

Definition 6 Lef S =) .S, wanduec X*. Then

Seu= Z Suw W,

weX*

(i.,e. S eu is the leff-quotient of S by u , or the residual of S by
u).
This right-action is extended componentwise to matrices.

Lemma 7 Lef A € DB, ,{(( X)) andu € X*. Then
Aeu e DB, ,,(( X))

DBERSEMINAR-FMI-14/01/05 14



1.2- PREFIX MATRICES- RIGHT-ACTION

Lemma 8 LefS € DBy ,,,(( W ), T € B, s W)) and u € W*,
Exactly one of the following cases is frue:

(7) EI.]) Sj U &/ {@,6}
inthiscase (S-T)eu=(Seu)-T,.

(2) Fjo, ', v u=u"-u", S, eu' =€
inthiscase (S-T)eu=T;, ,eu".

B Vi, Vu' <u,S;eu=10,5; eu #e¢;
inthiscase (S -T)eu=0=(Seu)-T.

DBERSEMINAR-FMI-14/01/05
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1.3- PREFIX MATRICES- LINEAR IDENTITIES

Fundamental remark((Meitus 1989)):

Let S1,...,8;,...,5, e DB({ X )y andlet @ 3 € DBy ,n ({ X))
such that

@ oy 85 = 2252185+ 5;

Then one of cases (1),(2) must occur:;

—

(Da=p
) 3]0 - [1,m],§|ﬁ’ < DBl,m« X >>,’)/j0 = 0, such that

Sjo = Zlgjgm V5 - S5

DBERSEMINAR-FMI-14/01/05
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Sketch of proof: Let S = (S;)1<j<m € DB, 1 (( X )).
Suppose that a # E Let us consider

u = min{a@AS}.
Then there exists, jo € [1, m], such that
aeu=c¢; < [P, ouFer.

Let us suppose, for example, that @ e u = €7 while Geu €5o

and let 4 = Eo u. Let v act (by e) on both sides of hypothesis
(0):
(@-S)eu=(B-5)eu. (1

Using lemma 8 we obtain:

(@-S)eu=275,,. (2

DBERSEMINAR-FMI-14/01/05 17



Let us examine now the righthand-side of equality (1). Let

u' < u . By minimality of u, 5 e «' is a unit iff & e «’ is a unit. But if
& e u' is O unit, then @ e u = )™, which is false. Hence S e u' is
not a unit. By lemma 8

(B-S)eu=(Beu)-S. (3)

Let us plug equalifies (2) and (3) in equivalence (1) and let us
define 7 = 3 e u. We obtain:

Sj, =7 S, where y # €.
Using Arden’s lemmma we get:

Sjo = Z 7;0’73' =) .e. Sjo ="' e85

J#Jjo

where v/ = V* (7)., hence v/ = 0. ©

DBERSEMINAR-FMI-14/01/05 18



A subset V C DB(( X )) is said to be a prefix space iff it is
closed under linear combinations (with prefix vector of
coefficients).

Aset F ={51,...,5n} (where m = CardF) is called :

- a generating subset of V iff

V={) a;-5;|decDB (X))}

J=1

- alinearly independent set if, for every @, € DBy ., ({ X )),

—

g-S=8-Sea=24

- ad base of V Iiff, it is both a generating set of V. and it is linearly
independent.

DBERSEMINAR-FMI-14/01/05 19



Proposition 9 Every finitely generated prefix space has a
base. Moreover this base is unique.

Question: For what kind of series (i.e. languages) is the base
of V(F) computable from the set F ?

DBERSEMINAR-FMI-14/01/05
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1.4.2- PREFIX MATRICES- MOST GENERAL UNIFIER

—

Llet @, B e DB, . (( X )). We call unifier for the pair (a, 5) any
maftrix U € DB,, »(( X )) (n > 1) such that:

a-U=§-U.

It is said to be a Most General Unifier iff, every unifier has the
form U - T for some maftrix T' € DB,, ; (where s > 1).

DBERSEMINAR-FMI-14/01/05
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1.4.2- PREFIX MATRICES- MOST GENERAL UNIFIER

-

Proposition 10 Every pair of prefix row-vectors (a, 8) has a
MGU. This MGU is unique
(except in the case where 0,, 1 is a MGU).

Question: For what kind of series (i.e. languages) is the MGU
computable from the pair of prefix row-vectors ?

DBERSEMINAR-FMI-14/01/05 22



1.5- PREFIX MATRICES- EXAMPLE

A linear equation:

ab-Uy +0-Us 4 aab-Us,0-Uy + abc - Uy + (aab + abd) - Us.

Computation of a MGU:
applying eab on both sides:

Ui,c-Us 4+ d- Us.
substituting U; by the r.h.s;

abe - Us + (aab + abd) - Uz, abe - Uy + (abd + aab) - Us,

DBERSEMINAR-FMI-14/01/05
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hence:

MGU(((ab,0,aab), (0, abe, (aab + abd)) =

DBERSEMINAR-FMI-14/01/05
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1.5- PREFIX MATRICES- EXAMPLE

A prefix column vector;

(ca*b+ d)a*c
S =\ a*ba*c

a*c

This vector is a solution of:
ab-S1+0-83 4 aab-Ss3,0- 81 + abe - Sy + (aab + abd) - Ss.
Hence it is obtained by substitution from the MGU:
S1 = ¢Sy + dSs

V({S1, 52, 53}) = V({S2, S3})
A base of V({S51, 52,S53}) is {S3}.
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2.0- DETERMINISTIC MATRICES- DETERMINISTIC GRAMMARS
(Harrison-Havel, JCSS 1973):

Definition 11 Lef G = (X, V, P) be some context-free
grammar.

G is said stfrict deferministic iff there exists some equivalence
relation — over X UV such that

I- X is some class mod —

2-Yvy,v] € V,Va e (X UV)* Yw,w' € V*,

if

/ / /
V1 ~ V7,0V — Wi, V] — QW]

then (w, = w| =e¢ andwv, =v}) or
Jug, vy € (X UV),we,wy € (X UV)*,

/ / r !
Vg ~ /02,1,0]_ — U2w2,w1 — U2w2.

DBERSEMINAR-FMI-14/01/05
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2.0- DETERMINISTIC MATRICES- DETERMINISTIC GRAMMARS

Theorem 12 (Harrison-Havel,73) A language L C X* is
recognized (by empty stack) by some dpda iff if is generafed
by some strict-deferministic confext-free grammarr.

DBERSEMINAR-FMI-14/01/05
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Definition 13 A series S € B({ V* )) is said deferministic
iff, for every words a, wy,wj € V* such that

- wy, - wy € supp(S)

either wy, = w] =€

or (Qvg, vy € V,wo, wsy € V*, such that

/ . I

Intuition: a deferministic series is a generalized configuration
of the initial pushdown automarton.

Definition 14 A row-vecfor (S4,...,S;,...,S8m) is said
deterministic iff

I-The supports of the S;’s are disjoint

2-y 772, Si Is deterministic.
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Definition 15 A mafrix of dimension (n,m), (S; j)i<i<n,1<j<m IS
said deterministic iff every one of ifs row-vecftors is
deterministic.

We denotfe by DB, ,,({ V )) the set of deterministic matrices.

DBERSEMINAR-FMI-14/01/05
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2.1- DETERMINISTIC MATRICES- OPERATIONS

Lemma 16 Lef A € DB, ,,((V )),B € DB,, s((V )). Then
A-BeDB,;(V))

Lemma 17 Lef A, B € DB, ,,((V )) and 1 < jo < m. Then
1-AV;, B € DB; ,, (( V' ))
2-V3,(A) € DBy (( V)
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2.2- DETERMINISTIC MATRICES- RIGHT-ACTION

We define a o-right-action & of the monoid X * over the
semi-ring B({ V* )) by:
forevery w € V*, u € X*,

woOu= Z w'

wlev*
w—>  uw’
m

forevery S e B{{ V* )),u € X*,

ZSw'w@u—ZS (w ® u).

weV* weV*

This right-action is extended componentwise to matrices.

DBERSEMINAR-FMI-14/01/05
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2.2- DETERMINISTIC MATRICES- RIGHT-ACTION

Lemma 18 Lef A € DB,, ,,,((V )) andu € X*. Then
AGu e DB, ,{(V))

Lemma 19 Lef S € DBy ,,(( W )), T € B,, s ( W )) andu € W=,
Exactly one of the following cases is frue:

(1)35,S;0u ¢ {0, ¢}
inthiscase (S -T)Gu=(Sou)-T.

(2) Fjo, ', v u=u" - ", S, Ou' =€
inthiscase (S -T)Gu="Tj,.ou".

BVi,Vu' 2 u,S;0u=0,5;0u’ #¢;
inthiscase (S - T)ou=0=(Sou)-T.

DBERSEMINAR-FMI-14/01/05
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2.2- DETERMINISTIC MATRICES- RIGHT-ACTION

Amap ¢ : V — B(({ X*)) is defined by:

pv)= Y u

vOu=e

This map is extended as a o-additive semi-ring homorphism
p:B{(V)) = B{( X)) Dby

o( Z Sw - w) = Z Sw - p(w).

weV* weV*

We set
S =Tiff o(S) = o(T).
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2.2- DETERMINISTIC MATRICES- RIGHT-ACTION

Lemma 20 For every

S e€DB,n((V)), T €eDB,,((V)),ue X",
I-9(S-T) = ¢(5)¢(T)

2- p(SOu) = ¢(S)eu
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2.3- DETERMINISTIC MATRICES- LINEAR IDENTITIES

Fundamental remark:

Let S1,...,8;,...,5, e DB({ X )y andlet @ 3 € DBy ,n ({ X))
such that

@ >ty aj- 85 =3001 85 558

Then one of cases (1),(2) must occur:;

—

(Da=p
) 3]0 - [1,m],§|ﬁ’ < DBl,m« X >>,’)/j0 = 0, such that

Sjo = Zlgjgm V5 - S5
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2.4.1- DETERMINISTIC MATRICES- BASES

A subset V C DB(( V' )) is said o be a deterministfic space iff it
Is closed under linear combinations (with determinisfic vector
of coefficients).

Aset F ={51,...,5.} (where m = CardF) is called :

- a generating subset of V iff

V = {Zaj ° Sj ‘ a € DBl,m<< |4 >>}

i=1

- alinearly independent set if, for every @, 8 € DBy, (( V ),

-

&-§25-§<¢&EB

- ad base of V Iiff, it is both a generating set of V. and it is linearly
independent.

DBERSEMINAR-FMI-14/01/05
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Proposition 21 Every finitely generated deterministic space
has a base. Moreover this base is unique (up fo the
equivalence =).

It is unkown whether linear independence is a decidable
property. It is unknown whether the base of V(F) is
computable from the set F .

DBERSEMINAR-FMI-14/01/05
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2.4.2- DETERMINISTIC MATRICES- MOST GENERAL UNIFIER

—

Let @, 3 € DB, .. (( V )). We call unifier for the pair (a, 8) any
matrix U € DB,, »,(( V )) (n > 1) such that:

a-U=g8-U.

It is said o be a Most General Unifier iff, every unifier is

equivalent (mod =) fo U - T for some matrix T' € DB, ; (where
s>1).
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2.4.2- DETERMINISTIC MATRICES- MOST GENERAL UNIFIER

—

Proposition 22 Every pair of prefix row-vectors (a, 8) has a
MGU. This MGU is unique

(up to equivalence (mod =), and with the excepfion of the
case where 0,, 1 is a MGU).

- The MGU is computable from the pair of prefix row-vectors .
- This will be a corollary of the main result ... hence nof
directly usable in its proof | We shall merely adapt the
underlying idea.
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3.1- DEDUCTION SYSTEMS- MOTIVATION

Let P be a set of equations such that, every equation is
implied by the others. When can we conclude that they are
all frue ?

DBERSEMINAR-FMI-14/01/05
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3.1- DEDUCTION SYSTEMS- MOTIVATION

a1S1 + agS9 _,325'2—}—,3383? S E,3A3S3?

®a

/

Y1S1 + v2S2 = 6252 + 63537

/\

v1B3 = 83

DBERSEMINAR-FMI-14/01/05
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General philosophy of (Harrison-Havel-Yehudai/9), (Courcelle
83).

Let us call deduction system any triple D = (A, H, — ) where
- A is a denumerable set called the sef of asserfions

-H: A— NU{o0} is the cosf-function

- |— ., the deduction relation is a subset of P¢(A) x A

such that the following axioms are satisfied:

(ADV(PA) e |—.(nf{H(p),p e P}<H(A)) or (H(A)= 00).
(A 2) |— isrecursively enumerable.

We call proofin the system D, any subset P C A fulfiling :

Vpe P,3Q C P,Q | p.

DBERSEMINAR-FMI-14/01/05
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3.2- DEDUCTION SYSTEMS- GENERAL DEFINITIONS

If Pis aproof,thenVA € P,H(A) = .
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3.3- DEDUCTION SYSTEMS- STRATEGIES

Informal definifion:

A strategy is a "method” allowing to enlarge every “partial
proof” P info a parfial proof QQ with P C ().

Notice: this method needs not be computable.

DBERSEMINAR-FMI-14/01/05

44



4.1- THE SYSTEM Dy- ASSERTIONS AND COST FUNCTION

Set of assertions:

A=NxDRB{({V)) x DRB{{ V))

The “cost-function”:

H(n,S,S") =n+2-Div(S,S").

Where the divergence between S and §’, is defined by:

Div(S, §") = inf{| u || u € v(S)LAp(S")}.

DBERSEMINAR-FMI-14/01/05
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4.2-THE SYSTEM D,- THE RULES
(RO)
{(p7 Sa T)} H__ (p + 17 Sa T)
forp e N, S, T € DRB{{ V ))

(R1)
{0, S, T)} | (p, T, 5)
forp e N, S, T € DRB({ V )),
(R2)
{(», 5,5, (®,5,8")} | (p, S, 5")
forpe N, S,5,5” € DRB{{ V)),

(R3)
0|+ (0,5,5)

for S € DRB(({ V )),
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4.2-THE SYSTEM D,- THE RULES
(RO)
{0, ST} |F—®+1,5T)
forpe N, S, T € DRB{{ V' )),
(R1)
{(p,S,T)} |[F— (0, T, 5)
forp e N, S, T € DRB({ V )),

(R2)
{(pa Sa S’)a (p7 Slas’”)} H__ (pa 57 S”)
forpe N, S,5,5” € DRB{{ V)),

(R3)
0+-1(0,5,5)

for S € DRB(({ V )),
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(R°3)
01— (0,5,T)
forS e DRB{ V ), T € {0,e},S =T,

(R4)
{p+1,S0z,Tozx)|zec X} |F—(p,ST)

forpe N, S, T e DRB{{V )),(SZeANT #£e¢),

(RS)

forpe N,S, T € DRB{{V )),z € X,

(R6)
{(p,S T + SlvT’)} H__ (pa S* - SlaT/)

forp e N, (S5,5") e DRB; o (( V )),T" € DRB(( V )),S # e,
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4.2-THE SYSTEM D,- THE RULES
(R’3)
[ (0,8,T)
forS e DRB{ V ), T € {0,e},S =T,

(R4)
{p+1,S0z,Tozx)|zec X} | (p,ST)

forpe N, S, T e DRB{{V )),(SZeANT #£e¢),

(RS)

forpe N,S, T € DRB{{V )),z € X,

(R6)
{(p,S T + SlaT’)} H__ (pa S* - SlvT’)

forp e N, (S5,5") e DRB; o (( V )),T" € DRB(( V )),S # e,
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4.2-THE SYSTEM D,- THE RULES
(R’3)
0]—(0,5,T)
forS e DRB{ V ), T € {0,e},S =T,

(R4)
{p+1,S0z,Tozx)|zec X} |F—(p,ST)

forpe N, S, T e DRB{{V )),(SZeANT #£e¢),

(RS)

forpe N,S, T € DRB{{V )),z € X,

(R6)
{(p,S T + SlaT’)} H__ (pa S* - SlvT’)

forp e N, (S5,5") e DRB; o (( V )),T" € DRB(( V )),S # e,
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4.2-THE SYSTEM D,- THE RULES
(R’3)
[ (0,8,T)
forS e DRB{ V ), T € {0,e},S =T,

(R4)
{p+1,S0z,Tozx)|zec X} |F—(p,ST)

forpe N, S, T e DRB{{V )),(SZeANT #£e¢),

(RS)

forpe N,S, T € DRB{{V )),z € X,

(R6)
{(p,S T + SlvT/)} H__ (pa S* - SlaT/)

forp e N, (S5,5") e DRB; o (( V )),T" € DRB(( V )),S # e,
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4.2-THE SYSTEM D,- THE RULES
(R7)
{(®,S,8), T, T} = (p, S+ T,8" + T
forp - N, (S, T), (S’,T’) - DRBL2<< V >>,
(R8)
{(p, 8,8} = (p,S-T,8" - T)
forpeN, 5,5, T € DRB(( V )),
(R9)
{(p7 T7 T,)} ||__ (p,S ’ T,S ) T’)
forpe N,S,T,T" € DRB({ V )),
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4.3- THE SYSTEM D,- EXAMPLE

T, 181 + a2So = BoSq + B3S3 T+ 2,871 EﬂA3S3

/T\ .
T
T/Oﬂ—\—i_l,El

T
T / T+ 2, Eg
T T

T+ 3,v1S1 + 7282 = d3Sg + 5353

Y

7T+2,’71,8A3 =d63 m™+ 2,79 = 9o
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[a9 AQ7] = [q1 ARq] (1)
i.e.,up to some series equivalent to @

[a0 Aq1]la12d] + [a0Aq2][922d] = [g91 Aq1][a192@] + [91 Agq2][a22q]
ot a
[q0 T AQq] = [¢q1 T AQq] (91 92q] = [q1 BQq]
b / ‘ . N
7] = [¢1929] [q1Dq] = [g294lq1 AQq] = [q1 Aq]
t Teq ‘d Tegq

[q0TTAQG] = [q1 TTAQqG] [q0ANT] = [¢1 AQ7e = ¢
(Tcut) (Te)
t _
t
[qo T3 AQq] = [¢1 T3 AQq
ie. (Tcut)
up to some series equivalent to @
[a0 T3 Aq11(g124d] + [a0T3 Aqa][922d] = (g1 T3 Ag11[a194] + (91 T3 Ag3][a294]
| (ro )
l[a0T3 Ag1]lg1 Ba11*[a1 Bas] + (a0 T3 Aga] = (a1 T2 Aqq1]la1 Ba1]* (a1 Baa] + a1 T3 Aga] (2)

K t

@)
Lef t - Down part Ri aht - Down part
(slide 55) (sli%e 56) P
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l[a0T* Aq1]la1 Ba1]*[a1 Baz] + (a0 T* Aqa] = a1 T* Aq1]la1 Ba1]* (a1 Baz] + [a1 T* Ago]

‘ ' \ (Tewut)
/ \ (Tewt)

l[a0T® Agq]la1 Ba11* a1 Baa] + (a0 T® Ags] = [91 T8 Aq1](q1 Bq1]* (a1 Baa] + (a1 7% Aqs]
| T+<2)

[qu4AQ1][q1Bq1] (q qu]+[QoT Aq2]
la1T%*q1]la1e91](lapT? Aq1]la1 Ba1]* (a1 Baa] + [agT2 Agqa]) (3)

|| e
l[a0T*q0] = [a1 T*q1] (4)

I
7 (>cut) / \

(Tcut)
/ (Tcut) - / \

[q0T7q0] = [qlT7q1] (Teut)

H T§(4) ¢ / \f
[a0T a0l = [a1T*q1]la1ea11la0T3a0] (B)  (Toput) €= ¢

|| Tc(s) (Te)
l[a0T*q0] = [a1T%q1]

Tcut(4)
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[e0Aq1]la1 Bq1]”

[¢1 Bq1]*[q1 Bq2]

O

Tcut

[a1 Bq2] + [apAg2] =

= [¢1 Bgq1lle1 Bail
(Teq)

Nl

a1 Ag1]lg1 Ba1]™

ey

*[g1 Ba2]

+ (g1 Bg2]

(g1 Ba2]

€ = €

(Te)

(a1 Ag2]
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4.4- THE SYSTEM D,- STRATEGIES

We suppose X = {x1,x2}.

An—l

(ﬂ-)S?

T)

v N\

(7T‘|—1,S®$1,T®£E1)

(7T+1,S®$2,T@ZL'2)
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Ty

(7T7 Sa Z[ﬁzcﬂ ) Vq

q€eq

(T + ki, SOu, Y ([pzql ©u) -V,
qeQ

1
(T+ki—1,S0u, Y ([p2q] ©u)- (SO ug)

qeQ’

where Q' = {q € @ | [pzq] # 0} and u, = min(p([pzq]))
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l[a0T*Aqq1]la1 Ba1]*[a1 Baz] + (a0 T*Aqz] = [¢1T* Aqq]la1 Ba1]* (a1 Baa] + [a1 T* Ago]

‘ i \ (Tcut)

O

t
(Tcut)
[a0T® Aqq1]la1 Ba1]1*[a1 Baa] + [a0TC® Ags] = [q1T® Aqq]1la1 Ba1]* (a1 Baa] + (a1 T8 Ags]
| TE @
[a0T® Aqq1la1 Bq1]* a1 Baa] + [quGAqQ] =
[a1T%q1][a1eq1]([a0 T2 Aq1]la1 Ba1]* (a1 Baz] + [a0 T2 Aqz]) (3)
|| 7c e
l[a0T*a0] = (a1 T*q1] (4)

N

o b / \

O F (Tcut)
¢ AN
/ (Tcut) T / \
[(IOT7(IO] = [qlT7ql] (Tcut)
H T3 (4) t/ ‘t_
[a0T7a0] = [a1T%a1larear]laoT3a0] (5)  (Toyy) €= ¢
|| Tc) (Te)
[a0T*q0] = (a1 T*q1]
Tcut(4)
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TC’ : an example.

T, 191 + @282 + azSs = (151 + B252 + B353
T+ 3,’}/131 + ’7232 + ’7353 = 01571 + 0255 + 90353
LN
T+2,mPs+ys = 1B +03 T+2,7 =0

We know that first equation — 7 + 2, $1 = 8555.hence
{first equation, result of T} F— second equatfion.
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4.4- THE SYSTEM D,- STRATEGIES

TC: general case.

(ﬂ-la Ula Vl)

(7T27 U27 ‘/2)
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[a9 AQ7] = [q1 ARq] (1)
i.e.,up to some series equivalent to @

[a0Aq11la12q] + [a0Aq2][a22q] = [91 Aq1]le192q] + [g91 Ag2][922q]

i |
a

[a0 T AQq] = [q1 T AQq] (a1 2q] = [q1 BQq]
b / ‘ . N
7] = [q¢192q] [q1Dq] = [g294lq1 AQq] = [q1 Aq]
t Teq ‘ d Tegq
[qoTTAQG] = [q1 TTAQqG] [q0ARqG] = [91AQq]e = ¢
(Tcut) (Te)
t t
[qo T3 AQq] = [¢1 T3 AQq
i.e. (Tcut)

up to some series equivalent to @
[a0 T3 Aq11[q194] + [90T3 Aqa][9294] = [q1 T3 Aqq11[q194] + [q1 T3 Aqa][q294]
|| (Te)
l[apT3 Aq1]1[a1Ba11*[a1 Baz] + [a0T> Aqa] = (a1 T3 Aq11la1 Bq11* (91 Baa] + (a1 T3 Aga] (2)

K t

@)
Lef t - Down part Ri aht - Down part
(slide 55) (shgde 56) P
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The strategy Sagc IS a deterministic strategy, choosing for
every branch to stop the consfruction of that branch or to
add some new assertions (by means of

Ty, Tg,Tc). Transformation T has highest prority.

idea 1: Successive applications of T4, T on a branch make
it smooth: from some point, many assertions have both sides
on a given deterministic space

V(S1,...,5)

with n uniformly bounded (bound dy:exponential)

idea 2: on a smooth (hypothetically) infinite branch, T must
e applicable, with some uniform bound on the size of the
result (lbound ¥y + sg:not known o be p.r.)
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Theorem 23 The system Dy is complete,

Sketch of proof: From every true assertion (0,5,T), Sapc
consfructs a proof-tree. If the tree is infinite, then it has some
infinite branch. T cannot apply i.0. on that branch
(because ifs results are bounded). Hence an infinite suffix is
smooth. But T¢ is always applicable on such a path, hence
Sapc should apply T¢: contradiction | Hence the free
(hence the proof) is finite., &
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Theorem 24 The equivalence problem for deterministic
pushdown automarta is decidable.,

Sketch of proof: Let S, T € DRB({ V )).
1- S = T is semi-decidable: just enumerate the finite
Dy-proofs, until you find a proof P containing (0, .5,7T).

2- S #£ T is semi-decidable: just enumerate the words w € X*,

unftil you find a withess w suchthat Sow =e & T O w # ¢.
&
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6.1- REFINEMENTS-EXTENSIONS-COMPLEXITY

Theorem 25 (Sfirling, ICALP’02)The equivalence problem for
dpda’s is primitive recursive.,
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6.2- REFINEMENTS-EXTENSIONS-BISIMULATION

Theorem 26 (Sénizergues, FOCS'98)The bisimulation problem

for non-deterministic pushdown aufomata, with deferministic,
decreasing e-moves, is decidable.

To appear in (SIAM, 20095).
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Theorem 27 (Sénizergues, ICALP 99)The equivalence
problem for deterministic pushdown transducers, from X *,
info a free group, is decidable.

Theorem 28 (Sénizergues, ICWL 00, Kyoto)The equivalence
problem for deterministic pushdown transducers, from X *,
info (Q, +, x), over two rational series S, T, which are
supposed

- —-deterministic

2- but might be non-V -deferministic rational

Is decidable,

Work in progress.
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Open qgquestion O:
s linear independence a decidable property ?.
Open problem 1:

Develop the theory of prefix (resp. deterministic) matrices.

(Monoid of square matrices, deterministic spaces)
Open problem 2:

Find a non-trivial lower-bound for the complexity of the
equivalence problem for dpda.

Open problem 3:

Find a better upper-bound for the complexity of the
equivalence problem for dpda.
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Open problem 4.

Show that the following problem is decidable:

INSTANCE: a deterministic pushdown transducer X* — H (the
guaternions over Q), and two rafional —-deterministic,
non-V-deterministic series S, T € RH({ V )).

QUESTION: Are the series S, T bisimilar?
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l.e. does there exist a binary relation R over RH{({ V )) such
that:

1-V(U,U") € R,Vx € X, and for every choice of U; € U © z,
there exists a choice U; € U’ @ z such that (U;,U;) € R

1'-Y(U,U") € R,Vx € X, and for every choice of U; e U’ © z,

there exists a choice U; € U ® z such that (U;,U]) € R
2-V(U,U)eR,(UecH=U=U").
2-Y(U,U)eR, (U eH=U=1U").
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