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The exercises are independant one from each other.
Thus each mathematical symbol (G,L, . . .) has a single definite meaning inside each exercise,
but might have different meanings from an exercise to another.
It is not required to solve all the exercises. Every correct solution to an exercise will give
(around) 4 points. A question marked with a (*) is difficult. One can admit the result of such
a question and, nevertheless, use it in subsequent questions.

Exercice 1 [/4] Let us consider the regular expression:

e := ((bc)∗(cb)∗) ∪ ((ca)∗b(ccb)∗)

Construct, by Glushkov’s method, a finite automaton recognizing Le.

Exercice 2 [/5] We consider the language

L = {a, b}∗{abb, baa}{a, b}∗

1- Construct a non-deterministic finite automaton recognizing L.
2- Give a complete deterministic finite automaton recognizing L.
3- Compute the minimal complete deterministic finite automaton recognizing L.
4- Give a finite automaton recognizing {a, b}∗ \ L (i.e. the complement of L in {a, b}∗).
5- Give a regular expression for the language {a, b}∗ \ L.



Exercice 3 [/4]
For each of the following languages over the terminal alphabet {a, b, c, d}, construct a context-
free grammar that generates the language Li:

L1 := {anbn | n ≥ 0}

L2 := {apbqcr | p ≥ 0, q ≥ 0, r ≥ 0, p = q or q = r}

L3 := {apbqcr | p ≥ 0, q ≥ 0, r ≥ 0, p + q = r}

L4 := {apbqcr | p ≥ 0, q ≥ 0, r ≥ 0, p + r = q}

L5 := {apbqcrds | p ≥ 0, q ≥ 0, r ≥ 0, s ≥ 0, p+ r = q + s}

Exercice 4 [/6] We recall that the language

L0 = {anbn | n ≥ 0}

is non-regular.
The exercise consists in showing that various similar languages are non-regular.The main tool
for doing so is to use the closure properties of the family of regular languages: it is closed
under boolean operations, under union, product, star, and under regular substitutions.

1- Let L1 = {an#bn | n ≥ 0}. Let h : {a, b,#}∗ → {a, b}∗ be the homomorphism such that
h(a) = a, h(b) = b, h(#) = ε.
1.1 show that h(L1) = L0

1.2 show that L1 is not regular.
2- Let L2 = {u#v | u, v ∈ {a, b}∗, |u| = |v|}. Show that L2 is not regular.
Hint: Find a regular set R such that L2 ∩R = L1.
3- Let L3 = {an#an | n ≥ 0}. Show that L3 is not regular.
Hint: Find a finite substitution σ : P({a,#}∗) → P({a, b,#}∗) such that σ(L3) = L2.
4- Let L4 = {an1#an2 . . .#ank . . .#anp | p ≥ 1,∃i, j ∈ [1, p], (i 6= j and ni = nj)}.
Show that L4 is not regular.
Let us consider now the language

M0 = {apbq | p ≥ 0, q ≥ 0, p 6= q}

5- Show that M0 is not regular.
Hint: express L0 as a boolean combination of some regular languages with M0.
6- Let

M1 = {ap#bq | p ≥ 0, q ≥ 0, p 6= q}, M2 = {u#v | u, v ∈ {a, b}∗, |u| 6= |v|},

M3 = {ap#aq | p ≥ 0, q ≥ 0, p 6= q},

M4 = {an1#an2 . . .#ank . . .#anp | p ≥ 1,∀k ∈ [1, p], nk ≥ 0,∃i, j ∈ [1, p], (i 6= j and ni 6= nj)}.

Show that M1,M2,M3,M4 are not regular.
7- Are the languages L4,M4 context-free ?
Give c.f. grammars for those languages (among L4,M4) which are context-free.
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Exercice 5 [/8] Let us consider the language

L0 = {w ∈ {a, b}∗ | |w|a = |w|b}.

We have considered (course 7) the following c.f. grammar G = 〈A,N,P, S〉 with

A = {a, b}, N = {S}, S −→ aSbS | bSaS | ε

and we have proved that
L(G,S) = L0.

Let us consider the language

L1 = {w ∈ {a, b}∗ | |w|a ≥ |w|b}.

1- Show that L1 = L0(aL0)
∗.

2- Build a context-free grammar G1 generating the language L1.

We have given (course 7) a non-ambiguous grammar H generating L0:
H = 〈A,N,R, S〉 with

A = {a, b}, N = {S, Sa, Sb,Da,Db},

S −→ DaS | DbS | ε,

Sa −→ DaSa | ε, Sb −→ DbSb | ε,

Da −→ aSab, Db −→ bSba.

We recall the notation: for every word u, v, w ∈ {a, b}∗

‖w‖ = |w|a − |w|b

u � v means that u is a prefix of v.
*3- Prove, by induction over the length of words, that, for every w ∈ {a, b}∗:

w ∈ L(H,Sa) ⇔

(

‖w‖ = 0 and
(

∀v ∈ {a, b}∗, (v � w ⇒ ‖v‖ ≥ 0)
)

)

.

4- Prove that
L1 = L(H,S)(aL(H,Sa))

∗.

*5- Prove that: if

(

n ≥ 0,m ≥ 0, u0, u
′

0
∈ L(H,S), ∀i ∈ [1, n], vi ∈ L(H,Sa), ∀j ∈

[1,m], v′j ∈ L(H,Sa) and u0av1av2 · · · avn = u′
0
av′

1
av′

2
· · · av′m

)

then

n = m and ∀i ∈ [1, n], vi = v′i.

6- Give a non-ambiguous context-free grammar generating L1.
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Exercice 6 [/4] We consider the context-free grammar G := 〈A,N,R, S1〉 where A =
{a, b, c}, N = {S1, S2, S3, S4, S5, S6} and R consists of the following 13 rules:

S1 → aS3S5 S1 → cS6 S1 → S2S3

S1 → aS4 S1 → aS1

S2 → aS1 S2 → bS2S4

S3 → bS3S5 S3 → aS4S4

S4 → aS3S6 S4 → aS3S3

S5 → a S5 → S3S4

S6 → bS5S5

The start symbol of G is S1.
1- What are the productive non-terminals of G ?
2- What are the useful non-terminals of G ?
3- Transform the grammar G into an equivalent grammar G′ where every non-terminal is
productive and useful.
4- Is the language L(G,S1) empty ?
5- Is the language L(G,S1) finite ?
6- Is the language L(G,S1) regular?
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