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Formal Languages-Course 7.

Proofs on formal languages

We are interested in :

- proving that all words w € L fulfill property P(w)

- proving that a language L has a property (prefix-freeness for
example)

- proving that a grammar G has a property (non-ambiguity for
example)

- proving that G generates language L (specified in a different way)
What methods are available ?

1- Induction on derivation-length

2- Induction on word-length
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Formal Languages-Course 7.

I—Proc:n‘s : induction on derivation-length

Induction on derivation-length

Let G = (A, N, R, S) with

A={ab}, N={S}, S—» aSS | b,

Let us define , for every word u € A*, ||u|| = |u|, — |ulp. Let us

prove that :
Yu e L(Gy,S), |u||=-1.

We can extend the norm notation to words w € (AU N)* by :
[wll := [ula = [uls,p.
We prove, by induction over the integer n, the following property
P(n) :
Ywe (AUN) Ym<n, S Drw=|w|=-1

Basis: n=10
Assume that S —O>R w. Then w =S and ||S|| = —1. 5/39



Formal Languages-Course 7.

I—Proc:n‘s : induction on derivation-length

Induction on derivation-length

Induction step :we assume P(n).

1 .
Assume S "—+>R w.The derivation can be decomposed as :

S—Srw =aSp —1>R avp

for some o, B € (AU N)* and some rule S — v.

Since ||b|| = —1 and [|aSS||=1—-1—-1= —1, ||v| = —1. By (IH)
|lwi]| = —1. Hence

Iwll = llwall + (vl = ISl = =1+ (-1) = (-1) = -1.0O0
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I—Proc:n‘s : induction on word-length

L The fundamental lemma

Fundamental lemma : version 1

Lemma

(fundamental lemma) Let uy, up,v € (X U V)*. If uyup X v then,
there exist vi,vs € (X U V)* such that

k: k:
vV =viVo, U1 - V1, U 3 vo and ki + ko = k.

We prove the lemma by induction over k.
Base 0: kK =0.
Obvious.
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I—Proc:n‘s : induction on word-length

L The fundamental lemma

Fundamental lemma : version 1

Base 1 :k =1 : uyjup, — v. By definition vyup = v'Su”, v = u'mu”

and S - mec P.
Case 1 :|u| > |u1].
In this case v’ = uyt and uy = tSu”

%

T

t

O

A

Choosing vi = uy, vo = tmu” we get that

0 1
U — vi, U = vo,v=vivoand 0+1=1.
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I—Proofs : induction on word-length

L The fundamental lemma

Fundamental lemma : version 1

Case 2 :|U| < |u1].
Symmetrically we have, u; = /St and v’ = tu,

Y
w\/
t
| // ! |

s

Choosing vi = u'mt andv, = up we get :

1 0
u = vi, U — wv=viwand1+0=1.
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I—Proc:n‘s : induction on word-length

L The fundamental lemma

Fundamental lemma : version 1

Induction step : Let kK > 2. We assume the lemma is true for all
derivations of length < k. Suppose wu;uo X v. Then

Uy U sy

By (IH) , w = wiw, with 1y by wy, Uo L wo, hi +hy =k —1
and wiws — v.

uy uz

Wy w2

w
/ é 1 Z ;
v Vi Vo
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I—Proofs : induction on word-length

L The fundamental lemma

Fundamental lemma : version 1

By the proof for order 1 derivations, v = vivo with wq g Vi,
7%} g Vo, b1+ 0> = 1.

Hence g hlifl Vi, Uo hzi)ﬁz Vo, hy + 01+ hy + 0> = k
O
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I—Proc:n‘s : induction on word-length

L The fundamental lemma

Fundamental lemma : version 2

Lemma

For every p > 2,uy, up,...,up € (AUN)*, if uyus--- up KV then
v=wviva---vp, withVi e [1,p], uj K vi and P | ki = k.
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I—Proc:n‘s : induction on word-length

I—Using the fundamental lemma

Using the fundamental lemma

Let G = (A, N, R, S) with
A={a b}, N={S}, S— aSS | b,
For every word u € A*, ||u| := |u|s — |u|p. Let us prove that :
Vue L(Gy,S), |ull=-1.
We prove, by induction on n, the following property Q(n) :

Yw e A* (S —Sg wand [w| < n) = |lw| = —1.

Basis :|w| =1
If S—5gp wand |w| =1, then w = b, and ||b|| = —1.
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I—Proc:n‘s : induction on word-length

I—Using the fundamental lemma

Using the fundamental lemma

Induction step :we assume Q(n).

Assume S "5 w and |w| < n+ 1. The derivation can be
decomposed as :

5—1>R aSS —Lerw

By the fundamental lemma, w = vyvov3 with
* *
a=v,5 > v, S = vs.

Since |a| =1, |V2| < n, |V3| < n. By (lH), HV2|| = HV3|| = —1.
Hence |w|| = |avavs|| = 1+ (1) + (-1) = —1. O
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I—Procn‘s : non-ambiguity

Non-ambiguity
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I—Proofs : non-ambiguity

Non-ambiguity

Let us prove that the following grammar is non-ambiguous :
Let H= (A, N,R,S) with
A= {37 b}7 N = {57 537 Sbu Da7 Db}u
S— D,S | DpS | e.
53 — D;,Sa | €, Sb — DbSb | €.

D, — aSab, Db — bSba.
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I—Proc:n‘s : non-ambiguity

Non-ambiguity

Lemma

L(H, Sa) = (L(H’ Da))*'

Proof :

We prove the two sided-inclusion by induction on the length of
words.

1- Suppose w € (L(H,D,))*.

If we L(H,D,)°, S, —e=w.

If we L(H,D,), S, — DS, — D, — w.

If we L(H, D,)", with n > 2, then

w=d-wy with d € L(H, D), ws € L(H,D;)" .

Since € ¢ L(H, D,), |wa| < |w]|. By (IH), S, —— ws, so that

S, — D,S5, -5 dwo = w.
18 /39
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I—Proofs : non-ambiguity

Non-ambiguity

2- Suppose w € L(H, S,).
211fS; — e =w, then w € (L(H, D,))*.
2.2 Otherwise

S, — D,S, — w.

By the fundamental lemma : w = wy - wy with
D, =+ w1, S, —= wy. By (IH) wy € (L(H, D,))* hence
w € (L(H, D,))*. O
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I—Proc:n‘s : non-ambiguity

Non-ambiguity

Lemma

L(H, D,) = a(L(H, D,))*b.

Proof :

The two sided-inclusion can be proved using the fundamental
lemma :

1- If D, —54 w then D, — aS,b —> w. By the fundamental
lemma w = avb for some v € L(H, S,;). Hence by previous lemma,
w € a(L(H, D,))*b.

2-If w e a(L(H, D,))*b, then w = avb for some v € L(H, S,).
Hence D, — aS,b —*>H avb = w. O
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I—Proc:n‘s : non-ambiguity

Non-ambiguity

Lemma

L(H, D,) is prefix-free.
We prove, by induction on max(|ul,|v|) that,
Vu,v € L(H,D;), u=xv=u=v.

Suppose that u, v € L(H,D,), uv=v, |ul<n+1,|v]<n+1.
By the lemma above, u=ad;---d,b, v=ad]--- d(’vb with
p.q >0, di,d € L(H,D,) and [d;| < n,[d]| < n.
By (IH), di =dj , hence do---dpb < dj--- d(’;b, hence
ady---dpb X ady---dyb. By (IH) ada--- dpb = ad; - - - dgb so
that, finally

u=ad - dpb=ad,---djb=v.
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I—Proc:n‘s : non-ambiguity

Non-ambiguity

Lemma

L(H, Sp) = (L(H, Dp))".

Lemma

L(H, Dp) is prefix-free.

Analogous proofs.
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I—Proc:n‘s : non-ambiguity

Non-ambiguity

Proposition

H is non-ambiguous

We prove, by induction over n the property UN(n) :
VT € N,\Yu € A*YDy - T —3r u,VDs : T —3p u,
max(ny, ny) < n= Dy = Ds.
Basis : n = 1.
Di:T—=u, Dy: T — uwith Te€{S5,5, S} Then u=¢ and
Dy = D».
Induction step :
Suppose that
DliTgAnR u, DQZ Tg&RU

and max(ny,m)=n+12>2.
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I—Proc:n‘s : non-ambiguity

Non-ambiguity

Casel1: T =6,

Dy : S, — DySa ¢ ™5k u, Dy Sy— D,S, 5k u.

By the fundamental lemma :

D;:S;,— D,S, g%pR d1S, gAqR diuy with pr+qgi=n-—1

Dy :S, — D,S, gﬁR d> S, ij dour With pp + g =np — 1
Since dy,d> € L(H, Da) and (dl < dyor dr < dl), di = db. It
follows that u; = wy. By (IH), the derivations D,S, 3k di S, and
D,S, —5r d»S, are equal. As well, the derivations

d153 g%qR d1U1 and d253 ij d2U2 are equal. Hence D1 = D2.
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I—Proofs : non-ambiguity

Non-ambiguity

Case2: T =D,.

Dy : D, — aS.b /"Sku, Dy: D, — aS.b 25k u.

By the fundamental lemma :

Dy : D, — aS,b ™5k adib, Da: D, — aS,b ¢Sk adab.
Since adib = adyb, we have di = ds.

By (IH), the derivations aS,b P adyb and aS,b 25k adyb are
equal. Hence D; = D5.
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I—Proc:n‘s : non-ambiguity

Non-ambiguity

Case3: T =5,

Case 4 : T = Dy,

Can be treated in the same way.
Case5: T =S.

D;:S 5 D,S:™5ku Dy:S 5 D,S, ™5k u. Using the
fundamental lemma and (IH) we get that D; = D>.

Di1:S5 — DpS 55}; u, Dy:S5— DpS 55}; u. By the same
arguments D; = D;.

D1:5—>D354";_>};>u, D2:5—>Db54"i_>};>u.

is impossible since the first letter o of u determines whether the
first ruleis S — D,S (if a =a) or S — DpS (if a = b) .

In all cases : D1 = D».

U
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Grammar equivalence
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I—Proofs : grammar equivalence

Grammar equivalence

Let Go = (A, N, RS, S) with

A={a b}, N={S}, S— aSbS | bSaS | ¢
and H= (A, N,R,S) with

A={a, b}, N=1{S,S,,Sp,Das,Dp},
S— D,S | DpS | e.
Sa—> D,S, | e, Sp—> DpSp | e.
D, — aS;b, D, — bSpa.
We shall prove that :
L(G,S) = L(H,S).
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I—Proc:n‘s : grammar equivalence

Grammar equivalence

By removing the non-terminals D,, Dy, in H (see the transformation
in course 5), we obtain H' = (A, N, R", S) with

A={a, b}, N=1{S,S,, Sp},
S — aS,bS | bSpaS | e.
Sa — aSabSa | g, Sb — bSbaSb | E.

We know that L(H’,S) = L(H, S). It remains to prove that

L(Gs, S) = L(H', S).
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I—Proc:n‘s : grammar equivalence

Grammar equivalence

Lemma

L(H',S) C L(Gy, S).

Proof :
Let o : (AU{S,S,,Sp})* — (AU{S})* be the homomorphism
defined by :

©(Sa) = o(Sp) = 0(S) =S ¢(a) = a, ¢(b)=b.
We check that : for every rule (T, m) € R',(o(T), p(m)) € Re.
It follows, by induction on the length of derivations, that

Vu,v € (AU{S,S,,Sp1)*, u—36, v=o(u) —>u o(v).
In particular :

SJgweA =S Sy w
M 30/39
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I—Proc:n‘s : grammar equivalence

Grammar equivalence

We recall that, for every u € {a, b}*, ||u|| = |u|s — |ulp. Let
L-:={w e {a b}" | |lu] =0}

Lemma
L(Gp,S) C L.

Proof :
By induction on the lenth of words, using the fundamental lemma.

|D

Lemma
Let u € A* . If ||u]| =0 and ¥v < u, ||v| > 0,then S, —>u u.

Proof :
By induction on the lenth of words :

. 1
Basis :|u| =0.Then S, — e = u. 50
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I—Proc:n‘s : grammar equivalence

Grammar equivalence

Induction step :|u| = n+ 1.
The first letter of u must be an a. Let

Uy = m<in{u’ <uld #¢eand ||| =0}
NB : u; exists because the set in the rhs is non-empty.

This word u; must end with a letter b (otherwise it would not be
minimal). Hence u; = au}b and

u = aujbuy.
since ||u1]] = 0 and ||u]] = 0 we get that ||u1|| = ||uz2]] = 0.
Moreover Vv < uf, |lv|| >0, and Vv < up, |laujbv|| > 0, hence
|lv]| > 0. By (IH), it follows that :
Sa —*>H/ Ui and Sa —*>H/ u»

hence S, — aS,bS, — > aujbuy = u. O
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I—Proc:n‘s : grammar equivalence

Grammar equivalence

Lemma

Let u € A*. If ||u]| =0 then S —3 4 u.

Proof :
By induction on |ul.
Basis :|u| = 0.
Then S —1>H/ €.
Induction step :|u| = n+ 1.
Let
Uy = m<in{u’ <uld #¢eand || =0}

By minimality, all prefixes of u; must have a norm with the same
sign.
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I—Proc:n‘s : grammar equivalence

Grammar equivalence

Case 1 :Vv < u, |lv||>0.
Then u; = aujb with ||uf]| =0 and Vv < uf, |lv|| >0 Then
u = aujbup. By the lemma above,

[ uj.
Moreover ||uz|| = ||u|| — ||auibl|| showing that ||uz|| = 0. By (IH)

S Sy w.
The two above derivations entail :

S —1>H' aS.bS — 54y auybuy = u.
Case 2 :Vv < u, |lv|| <O.
By a similar reasoning
S —1>H/ bSpaS —S 1 u.

O
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I—Proofs : grammar equivalence

Grammar equivalence

We have proved :
H is non-ambiguous.

L(Gs, S) = L(H,S) = L(H',S) = L_.

35/39



Formal Languages-Course 7.

I—Proc:n‘s : grammar equivalence

Grammar equivalence

Recall Gy = (A, N, R, S) with
A={a,b}, N={S}, S— aS5 | b,

Exercice

Prove that

L(G1,S) ={u€e{a, b} | ||ul| = -1 and Vv < u,||v| > 0}
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I—Proc:n‘s : grammar equivalence

Grammar equivalence

Recall G, = (A, N, R}, S) with
A={a, b}, N={S}, S — aSbS | bSaS | ¢

Exercice

Prove that G, is ambiguous.
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I—Proc:n‘s : grammar equivalence

Algorithms for non-ambiguity or grammar equivalence

We gave proof-methods. But are there algorithms solving the
problems :

m INPUT : a c.f. grammar G = (A, N,R,S)
QUESTION : is G ambiguous?

m INPUT : two c.f. grammars
G1 = (A, N1, R1,51), Go = (A No, Rz, 5)
QUESTION : L(Gy, S1) = L(Gy, S2)?

Answer : NO, such algorithms do not exist.
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I—Proc:n‘s : grammar equivalence

Algorithms for non-ambiguity or grammar equivalence

m There exist some programs that try to detect ambiguity and
succeed on many grammars ([S. Schmitz, 2006] for example)

m There are subclasses of c.f. grammars : the simple grammars,
the LL(k) grammars, the LR(k) grammars, that are
non-ambiguous ; the condition “to be simple”, “to be LL(k)" or
“to be LR(k)" on grammars are testable.

m For the above classes of grammars, the equivalence-problem
can be tested [G. Sénizergues 2002], program LALBLC on my
web-page).
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