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I—Contextffree grammars : ambiguity

context-free gramars : ambiguity

Definition

A context-free grammar G = (A, N, R, o) is called ambiguous iff
there exist derivations trees Ty, T, with root o, such that T # T,
and fr(Ty) = fr(T) € A*.

1- The grammar G is called non-ambiguous iff it is not ambiguous.
2- In words : G is ambiguous iff there exist two different
derivation-trees T7, T» with the same frontier w € A*.

3- Equivalently, G is ambiguous iff one of the following is true :

- there are two different leftmost-derivations Dy, D> that end in the
same terminal word w

- there are two different rightmost-derivations Dy, D, that end in
the same terminal word w

- there are two different construction-trees that have the same yield

w.
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I—Contextffree grammars : ambiguity

context-free gramars : ambiguity

Let G = (A, N, R, S) with

A={a, b}, N={S},
R: S—aS, §— aSh,S — ab.
L=L(G,S)={a"b™ | n>m>1}.

Dy:S p—r aS )—r aaSb y—r aaabb
D2 ) {—R aSh {—R aaSb I—R aaabb
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I—Context—free grammars : ambiguity

context-free gramars : ambiguity

SEE
Let G = (A N,R,S) with A= {a, b}, N={S},

R: S—aS, §— aSh,S — ab.

L=L(G,S)={a"b™ | n>m>1}.
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I—Context—free grammars : ambiguity

context-free gramars : ambiguity

Let H= (A,N',R",S) with

A={ab}, N ={S T},

R': §$—aS, S— T.

T — aTb, T — ab.
L=L(H,S)={a"b™ | n>m>1}.

This new grammar for the same language L is non-ambiguous.
Let w = a"b™ withn>m > 1.
The only leftmost derivation for a™*"b™ is D(r, m) :
1 -1 1
S _r)R, a's — R’ a'T l),Q/ a’am_l Tbm_l — R/

a"amlabb™~l = amtrpm,
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I—Contextffree grammars : ambiguity

context-free gramars : ambiguity

o am=1  ap  pm1
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I—Contextffree grammars : ambiguity

context-free gramars : ambiguity

Let H= (A,N',R',S) be the previous grammar. Let us name the
rules :

rl:S—asS, r2:S5—T.
r3: 7 — alb, r4: T — ab.

The only construction-tree for a™"b™ s :

r-r- r3’"_1 1.
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I—Contextffree grammars : ambiguity

context-free gramars : ambiguity

r nodes

(RO

[

m — 1 nodes

r3

ra
T

yd(T) = a"a"b™
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I—Contextffree grammars : ambiguity

context-free gramars : ambiguity

Example

H = (A, N, P) whith set of rules :

C — CsC|bCe|wCli

We already considered :

D;: C,— wC,— wbCe )— wb(CsCe )— wbwC(CsCe
— wbwisCe )— wbwisie But there is also :

D,: C,— wC,— wbCe )— wbwCe )— wbw(CsCe j—>

wbwisCe y— wbwisie
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I—Contextffree grammars : ambiguity

context-free gramars : ambiguity

The two corresponding derivation-trees are :

./
Y Vs

Ty Tz 12/51
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I—Contextffree grammars : ambiguity

context-free gramars : ambiguity

wbwisie can be seen, according to Ty as :

while cond
--begin
--while cond
-———-i

--1i

-—end or, according to T, as :
while cond

--begin

--while cond

-———-i

--end 13 /51
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I—Context—free grammars : ambiguity

context-free gramars : ambiguity

SEE
H = (A {C}, P, C) whith set of rules :

C — GCsC|bCe|wCli

Another grammar (for the same language) could be :
K = (A, {C,D},R, C) whith set of rules :

C— DsC|D D —s wD|bCeli

Intuition : D generates the “prime” instructions (those which
cannot be factored as usv with u, v instructions)

C generates all instructions : ¢ = dyosdy -+ - sd, 1

where each d; is a prime instruction.

14 /51



Formal Languages-Course 5.

I—Contextffree grammars : ambiguity

context-free gramars : ambiguity

K = (A, {C,D}, R, C) whith set of rules :
C — DsC|D D — wD|bCeli

The leftmost derivation of wbwisie in this grammar is :

c* wbCe, wbCe 2, whDsDe > wbwisie,
producing the structure :

while cond
--begin
--while cond
-———-i

-5
--1i
--end
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I—Contextffree languages :closure properties

Closure properties

Theorem
Let A be a finite alphabet.

1- The set of context-free languages over A* is closed under the
operations : union, product, star, cross.

2- If Card(A) > 2, then the set of context-free languages over A* is
not closed under complement ; it is also not closed under
intersection.

We give a constructive proof of point 1. Hence, from c.f. grammars
generating languages L1, L, one can construct c.f. grammars for
the languages Ly U Lo, Ly - Lo, Lj.
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I—Contextffree languages :closure properties

Closure properties

sketch of proof of point 1

Let G = (A, N1, Ry, S51), Go = (A, Ny, Ry, S1). We assume that
N1 N Ny = 0.
union :

H= (A,N1UN2U{O'},R,O'>
where R=RiURU{0—51, 0S5}

L(H,O‘) = L(Gl, 51) U L(G2, 52)
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I—Contextffree languages :closure properties

Closure properties

Let Gi = (A, Ni, R1,51), Go = (A, N1, Ry, S1).
product :
K= <A, Ny U N2U{0‘},R,O'>
where R =R U Ry U{0—5:5,}
L(H,o0) = L(G1, 51) - L(G2, S2).

star :

K. = (A Nt U{o},R,0)
where R = Ry U{0—051, o—¢}

L(K,,0) = L(Gy, S1)*.
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I—Contextffree languages :closure properties

Closure properties

point 2 :Let
L={a"b"c" | n>1}.

L is not context-free.

Intuitive idea : if it was, there would be a repetition on some
branch of a derivation-tree for w = aVbVcN | leading, by pumping,
to a larger derivation-tree with frontier w’ = aV+tkpN+ecN & [ or
w' = aNbN+kCN+€ ¢ L.

Let Ly = {aPb9c" | p,q,r € N\ {0}, p=q}, L= {aPbic" |
p,q,r € N\ {0},q=r}.

L1, Ly are context-free (exercise).

L = LiN Ly is not context-free.
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I—Contextffree languages :closure properties

Closure properties

point 2 :Let
L={a"p"c" | n>1}.

L is not context-free.
L3 ={aPb%c" | p,q,r € N\ {0}, p = q},
Ly ={a"b%c" | p,q,r e N\ {0},q = r}.

L3, L4 are context-free (exercise).
L= L3N Ls.
This shows that CF({a, b, c}*) is not closed under intersection.

L = C(CLs3 U CLy).

This shows that CF({a, b, c}*) is not closed under complement.
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I—Contextffree languages :closure properties

Closure properties

A corollary of the above theorem, point 1,is

Proposition

Let A be a finite alphabet. Then every regular subset of A* is also
context-free.

One can also give a direct construction of a c.f. grammar for every
finite automaton : let A = (Q, A, J, qo, F) be some nfa .
Let G = (A, N, R, Sq,) with

N={S|aqeQ},

R: S, — xSq,  forevery (p,x,q) €9
Sq— ¢ for every p € F.
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I—Contextffree languages :closure properties

Closure properties

One can prove, by induction on |u| that :

Sp—*>RU‘Sq = P—U>ACIa

showing that
L(G, Sq4) = L(A).
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I—Contextffree languages :closure properties

Closure properties

Theorem

Let A be a finite alphabet.

For every languages L € CF(A*) and R € REG(A"), LN R is
context-free.
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I—Contextffree languages :closure properties

Closure properties

proof of the theorem :

Let G = (A,N,P,S) be a cf. grammar and A = (Q, A, J, qo, F) be
some nfa .

We build the c.f. grammar : H = (A, N', P’ o) with

N ={(p,v,q) | p,qg € Q,v € N}.

For every rule U — wy Uy - woUs - - wy Ugwyi 1 in P we insert in
P’ the set of all rules

(p, U, q) — wi(p1, U1, q1)wa(p2, Uz, q2) - - - wi(Pk, Uk, Qi) Wi+1
where

Wi
P 4WA P1, q1 #VA pP2...qk—1 4WA Pk, dk —k+>i4 q.
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I—Contextffree languages :closure properties

Closure properties

We add in P’ all the rules
o — (9o, S, q)
for g € F. One can prove that, for every v € N,p,q € Q
L(H,(p,v,q)) = L(G,v)N{uec A" | p —4 q}.
It follows that :

L(H,0) = L(G,S) N L(A).
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I—Contextffree languages :closure properties

Closure properties

Exercice

Is CF(A*) closed under reversal ?

Is CF(A*) closed under regular substitution ?

Is CF(A*) closed under context-free substitution ? (i.e.
substitutions o such that, for every x € A, o({x}) € CF(A*))
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Context-free grammars
transformations
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L Cleaning context-free grammars

clean grammars

Let G = (A, N, R,0) be a context-free grammar. A non-terminal
S € N is said productive iff

Jue A", S S u.
A non-terminal S is said useful iff

Ja,B,u € A, 0 —SpaSB and S —5g u.

20 /51



Formal Languages-Course 5.

L Context-free grammars :transformations

L Cleaning context-free grammars

clean grammars

Proposition

Let G = (A, N,R,o) be a context-free grammar. The set N' of
productive non-terminals of G can be computed.

1- If o ¢ N, then L(G,o) = 0.

2-If o € N, then the grammar G' = (A, N', R’ o) with
R'=RNN x (AUN')* has productive non-terminals only and
generates the same language as G.
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L Cleaning context-free grammars

clean grammars

Let G = (A, N, R, o).

Point 1 :Let
Ny, = {SeN|IweA S —DSgrw}
Niyi = {SeN|Iwe(AUN)",S —SrwlUN,.
One can show that
M:UM
i>1

The sequence N; is increasing and included in the finite set N,
hence there exists k < Card(N) such that

Ny C Ny C...CNig= Niys.

It follows that
N = U N; = N,

i>1
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L Cleaning context-free grammars

clean grammars

Point 2 : If 0 —3g u, since R’ C R, also 0 —5¢ wu.
If o —5& u, every non-terminal used in this derivation is
productive, hence o —*>R/ u.
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L Cleaning context-free grammars

clean grammars :example

Consider the context-free grammar G := (A, N, R, S1) where
A={a,b,c}, N=1{51,52,53,54,55,5} and R consists of the
following 15 rules :

51— aS3Ss 51— bS5:S, 51— aS,
S, — aS3S3 S5, — bSec
S3 — bSy; S3— aS3S¢ S3 — cSg
Sy — bS3S54 Sy — aSySy Sy, — b
Ss — aSySs S5 — bS] S5 — aSs.
Se¢ — aSs.

N1 = {Sa}, No = {51, Sa}, N3 = {51, 54, S5}, Na = Ns.

Hence the set of productive non-terminals is a3 /51
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L Cleaning context-free grammars

clean grammars :example

N" = {51, 54,Ss5}. In grammar G the productions using N\ N
must be removed :
S1— aS3Ss 51— bSS: 51— aSs
S» — aS3S; Sy — bSec
S3 — bSy, S3— aS3S¢ S3 — ¢Sq
Sa — bS354 Sa — a54S54 S4— b
S5 — aSsSs S5 — bS1 S5 — aSs.
Se — aSs.

The new grammar G’ has the set of productions R’ :

51 — 354 fﬁ.—% 35454 fﬁ_—% b
55 — 35455 55 — b51 55 — 355.
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L Context-free grammars :transformations

L Cleaning context-free grammars

clean grammars

Proposition

Let G' = (A, N',R’, o) be a context-free grammar with only
productive non-terminals.

1- The set N” of useful non-terminals can be computed.

2- The grammar G" = (A, N" R" o) with

R" = R' N (N" x (AU N")*) has useful non-terminals only and
generates the same language as G'.
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L Cleaning context-free grammars

clean grammars

Let G’ = (A, N',R', o).

Point 1 :Let
Ml = {O‘}
M1 = {SeN|3a,Be(AUN),ITeM;, T —>r aSB}UM,.
One can show that
N = U M;.
i>1

The sequence M; is increasing and included in the finite set N,
hence there exists k < Card(N) such that

My C My C...C M= My,1.

It follows that
MZUMZW

i>1
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L Cleaning context-free grammars

clean grammars

- * . *
Point 2 : If 0 — g~ u, since R” C R’, also 0 — g/ u.
* . - - - . .
If 0 — g u, every non-terminal used in this derivation is useful,
*
hence 0 —gr u.
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L Cleaning context-free grammars

clean grammars :example

G'= (A, N' R, S;) where R’ is the set of rules :

51 — 354 54 — 35454 54 — b
55 — 35455 55 — b51 55 — 355.

My = {51}, M2 = {51, S4}, M3 = Mo
N" = {5y, S4}
G" = (A,N" R" S;) where R"” is the set of rules :

51 — 354 54 — 35454 54 — b
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I—A simple transformation

A simple transformation

Proposition

Let G = (A, N, R) be a context-free grammar and U € N such that
U does not occur in the right-hand side of the rules with left-hand
side U.

One can transform G into a grammar G' = (A, N\ {U}, R’) such
that, for every S € N\ {U},L(G',S) = L(G,S).

39/51



Formal Languages-Course 5.
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I—A simple transformation

A simple transformation

Notation : given languages L, L, we note Ly + L, the union
L1 U Ly. A set of grammar rules with same left-hand side :

S—w,S— w,....,S —w,

is denoted by :
S—wm+wm+...+w,

Given a c.f. grammar G = (A, N, R, o), where
N =1{S51,...,Si,...,5n} its set of rules R can always be written
under the form :
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I—A simple transformation

A simple transformation

Let G = (A, N, R), be a grammar of the previous form and U = S,
fulfills the assumption that :

Vjie[l,4n],wpj€ (AU{SL, - ,S,1})".
We define the substitution o : P(AU N)*—P(AU N)* by :

Vx € Ao(x) =x, VS e N\{U},o(S) =S, o(U)=>_ wa,.

Let G’ = (A, N\ {U}, R, o) be defined by : for every
1<i<n-—-1:

L
Si— §£:<7(M0J)
j=1
(i.e. R’ consists of all the rules above with lhs and rhs in
N ={S51,...,5:-1}).
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I—A simple transformation

A simple transformation

This grammar does not use U = S, anymore. Let us show that, for
every i € [1,n—1]:
L(G,S) =L(G,S)).
1-
Yw e a(U), U—Srw
Hence,
Vv € (AUN) Yw € o(v), v —rw
this implies that

4
Vie[l,n—1], Ywe ZU(W,'J), Si —5Rr w. (1)
j=1

By (1) R' C— 5k, implying that, for every i € [1,n — 1]
L(G/v SI) - L(Gv SI)
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I—A simple transformation

A simple transformation

2- Let us prove by induction on d that :for every
ie[l,n—1],w € A*:

d
Si—rw=275; ——:3;?/ w.
Let us suppose that :
1 d—1
5,' —R W = 0515,,0(25,, s ak5nak+1 —>R W, (2)

where aj € (AU{S1,...,Sp—1})*.
Base:d=1ie wj=w.
Then w;j = w hence w € o(w; ), hence S; —1>R/ w.
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I—A simple transformation

A simple transformation

Induction :d > 2. Derivation (2) shows that

w = dawyGowy - - - QWi Qgyq for some words &, w; € A* such that
i A d;

ai —3p &, Sp —>g w; and (Zf(zl aj + dj) + aky+1 = d — 1.Hence

1 di—1
Sn —>R Wn,j,- —>R WI
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I—A simple transformation

A simple transformation

By induction hypothesis, since w,j, € (AU{S1,...,5,-1})* and
a; < d, d,' <d
aj —R Qiy Wnj —R Wi (3)

Note that

/
W' = Q1 Whj, QaWn j, -+ QW j, 0kt1 € (W)

Combining the rule S; — 5 p/ W' with derivations (3) give a
derivation

1 / *
5,' R W = Q1Wpj; 0oWp j, =+ QWp j Q1 —2R W.

Hence
L(G,S;) CL(G', S).
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I—A simple transformation

A simple transformation : example

SEE

Let G = (A, N,R,S1) with
A={a,b,c,d}, N={51,5,53,5}, and R consists of the

rules :
S1 — aSbS; + €
S — ¢Sz + S3d
S35 — cS3+¢
54 = 54d I &

Since S, does not appear in its right-hand side, we can remove S,
and obtain : G = (A, N', R, S1) with N' = {51, S3, Sa},

46 /51



Formal Languages-Course 5.
I—Context—free grammars :transformations

I—A simple transformation

A simple transformation : example

(continued)
R’ consists of the rules :

5 — a(cS3 aF S3d)b(CS3 aF S3d) + €
S35 — S3+¢
54 — S4d I &

which can be written as :

51 — ac53bc53 a4 3C53b53d = 353dbC53 + 353db53d + €
S35 — cS3+¢
S4e — Sid+e 4751
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L Context-free grammars :transformations

L Quadratic normal form

w-Quadratic normal form

Proposition

Every c.f. grammar G = (A, N, R, o) can be transformed into a c.f.
grammar G' = (A, N', R' o) such that

1-Y(S,m) e R, |m| <2

2-1(G,0) =L(G', o).

Some remarks :
such a grammar is called in weak quadradic normal form (quadratic
would mean that : V(5,m) € R', |m| =2 or (§ =0 and m =¢)).
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I—Contextffree grammars :transformations

L Quadratic normal form

w-Quadratic normal form

step 1 :Let G = (A, N, R, o) such that one rule S — w is such
that |w| > 3. We can decompose

w = wy - wo with |wy| < |w|, |wa| < |w|.
Let G' = (A, N', R, o) be defined by :

N = NU{Wl,W2},
R = R\{S—)Wl'W2}
U {f;-—% b441' VV&, VV& — Wi, VV& — VV2}.

Since Wi (resp. W) does not appear in wy (resp. wy), applying
twice the above transformation, G’ is mapped into G. Hence

L(G,0) = L(G',0).
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L Quadratic normal form

w-Quadratic normal form

step 2 : As long as there remains some rhs with length > 3, we
apply step 1 :

G=Gy~ Gy~ Gy~ ...~ G,
until we obtain a c.f. grammar G, where all rhs have length < 2.
Since for every i € [0, n — 1], the grammars G;, G;;+1 generate the

same language, we have obtained a new grammar G, in weak
quadradic normal form for the language L(G, o).
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I—Context—free grammars :transformations

L Quadratic normal form

w-Quadratic normal form : example

SEE

Let G = (A,N,R,S) where A= {a,b,c,d}, N={S} and R
consists of the following rules :

S — aSbS5c + d

We obtain successively :

N = {5, Wl,Wz}, S— W W,+d, W;— aSb, W, — Sc,
N = {57 W17 W27 W37 W4}7 S— W1W2 + da Wl — W3W47
Wr — Sc, W3 — aS, Wy — b.
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