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f( ³ x, ³ y) = d(x, y)
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f( ³ X, ³ Y ) = |x′ − x| + |y′ − y|

@Y = (x′, y′)

@X = (x, y)
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• f(L(x, G), L(y, G)) = dG(x, y) � ° Y^ lZ[ Y^ § a Ï º Ð ¹Í Ñ Ò ¾ �
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¤ Y[ Z G m^ a g c[ j j a a × b ¯ nb Y� � aZ b ¥

Ö X = (x, y) ∈ [1, a] × [1, b] → {0, . . . , n − 1}

f( Ö X, Ö Y ) = | Ö X/a − Ö Y/a| + | Ö X%a − Ö Y %a|

f Y� ©ªj a� [ Z h a^ Z a� © b § a f¥ O(1) � l Y ^ b Z ]^ Z �

× ][ j j a § ab h Z[ ¿ m aZ Z ab ¥ dlog2 ne d[ Z b
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h(n) 6 1 + h(bn/2c) � � h(0) = h(1) = 0
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L(x, T) = (S, D) ] \ a l

V � h =¦ ] mZ a m c § a x § ]^ b TDÓ

_ � S = () « D = () © Y m c j ] c ] l[ ^ a W sh+1 = xÓ

e � S = (s1, . . . , sh) ]^ l ®Z c ab § a x § ]^ b TD « s1� c ] l[ ^ a § a TDÓ

k � D = (d1, . . . , dh) Yï di = dT (x, si)Ó
f((S, D), (S′, D′)) =

V � Z c Y m \ a c j a ©j m b g c ]^ § i0Z aj ¿ m a si0 = s′i0Ó_ � c aZ Y m c ^ a c di0 + d′i0
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× ][ j j a § ab h Z[ ¿ m aZ Z ab ¥ 2h logn 6 2(logn)2 d[ Z b

× a� © b § a l ]j l mj § a f¥ O(h) = O(logn) Y ©h c ]Z[ Y ^ b
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× a� © b § a l ]j l mj § a f¥ O(h) = O(logn) Y ©h c ]Z[ Y ^ b
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X Y §ß j a § a l ]j l mj ¥ ô ^ a Y ©h c ]Z[ Y ^ ]c[ Z ¦ � h Z[ ¿ m aöõ b Z ]^ § ]c §ö÷ � ] § §[ Z[ Y ^

a^ Z[ ß c a «� mj Z[ ©j[ l ]Z[ Y^ a^ Z[ ß c a « §h l ]j ] g a « Y ©h c ]Z[ Y^ b d Y Y j h a^ ^ ab «

W W W � b m c § ab c a g[ b Z c ab § a dlogne d[ Z b ©c a^ § m^ Z a� © b l Y^ b Z ]^ Z W
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a^ Z[ ß c a «� mj Z[ ©j[ l ]Z[ Y^ a^ Z[ ß c a « §h l ]j ] g a « Y ©h c ]Z[ Y^ b d Y Y j h a^ ^ ab «

W W W � b m c § ab c a g[ b Z c ab § a dlogne d[ Z b ©c a^ § m^ Z a� © b l Y^ b Z ]^ Z W

ø §h a ¥ f Y� ©ªc ab b a c j ] b m[ Z a § ab b h © ]c ]Z a m c b S a^ j ] c a ©c h b a^ Z ]^ Z b m c

m^ ^ Y� dc a l Y ^ b Z ]^ Z § a c a g[ b Z c ab « l¬ ab Z Â ¯Â §[ c a b m c O(logn) d[ Z b « ] m

j[ a m §¬ mZ[ j[ b a c h logn = O(log2 n) d[ Z b W ò m[ b a ¨ a lZ m a c m^ ^ Y� dc a

l Y ^ b Z ]^ Z §¬ Y ©h c ]Z[ Y ^ b © Y m c a� Z c ][ c a i0W
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x → C = (c1, . . . , ch)

C =b m[ Z a § ab ^ m� h c Y b §¬ ]c ®Z a § a j ] c ] l[ ^ a ] m ©ß c a § a x § ]^ b TDW

ci =^ m� h c Y § a j ] l Y� © Y b ]^ Z a Z c[ h a © ]c Z ][ j j a §h l c Y[ b b ]^ Z a W

ci > 1W



x → C = (c1, . . . , ch)

C =b m[ Z a § ab ^ m� h c Y b §¬ ]c ®Z a § a j ] c ] l[ ^ a ] m ©ß c a § a x § ]^ b TDW

ci =^ m� h c Y § a j ] l Y� © Y b ]^ Z a Z c[ h a © ]c Z ][ j j a §h l c Y[ b b ]^ Z a W

ci > 1W
� ]^ b TD « j ] l Y� © Y b ]^ Z a ^ m� h c YZ h a c1 ¯ ] m ©j m b n/c1 b Y� � aZ b «

l ]c b[ ^ Y ^

c1
∑

c=1

n

c
>

c1
∑

c=1

n

c1
= n
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j ] b Y m bÃÂ l Y� © Y b ]^ Z a ^ m� h c Y Z h a c2 � § ]^ b c1 � ] ] m ©ªj m b (n/c1)/c2

b Y� � aZ b W

. . .

j ] b Y m bÂ l Y� © Y b ]^ Z a ^ m� h c YZ h a ch � § ]^ b ch−1 � « ¿ m[ l Y ^ Z[ a^ Z a� ] lZ aÂ

� a^ Z V b Y� � aZ � l¬ ab Z Â ¯Â §[ c a x � « ] ] m ©j m b

n
∏h

i=1 ci
> 1 b Y� � aZ b ⇒

h
∏

i=1

ci 6 n



à � � x Æ } � } C | � � O(log n) y{ w |

(c1, . . . , ch) −→ (A, B) § a m � l¦ ]� ^ ab d[ ^ ][ c ab § a k d[ Z b W

A ab Z j ] l Y ^ l ]Z h ^ ]Z[ Y ^ § ab h l c[ Z m c ab d[ ^ ][ c ab § a l¦ ] ¿ m a ci � a^ ° ][ Z

§ a ci−1 ∈ {0,1,2, . . .} � « aZ B[ ^ §[ ¿ m a j ] © Y b[ Z[ Y^ § m §h d mZ § a l¦ ] ¿ m a

\ ]j a m c ci § ]^ b AW

Ë � W ¥ C = (4,10,3,1,6,3,5,7) −→ (A, B)

ci − 1� e � _ � � _ k �

A� V V V � � V V � � V � V V � V � � V V �

B� V � V � � � V � V V � � V � V � � V � �

k 6

h
∑
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



h
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

 + h 6 2 logn
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Á ^ Z c Y m \ a i0 a^ l Y� ©Z ]^ Z j a ^ Y� dc a § a 1 § ]^ b B � Y m B′ � b[ Z mh b ¯

g ] m l¦ a § m d[ Z ^ m� h c Y � W ø l[ « i0 = 3¥ C aZ C ′ §[ ¨ß c a^ Z ¯ © ]c Z[ c § a

j ] 32 l Y� © Y b ]^ Z a W
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¤ Y[ Z fB(p)j ] ° Y^ lZ[ Y ^ ¿ m[ © Y m c Z Y mZ a © Y b[ Z[ Y ^ pc aZ Y m c ^ a j a ^ Y� dc a

§ a 1 § ]^ b Bb[ Z mh b ¯ g ] m l¦ a § a p « p^ Y ^ l Y� ©c[ b W B ab Z ( � a © Y m c

j a b Y� � aZ xW ò ]c l Y ^ Z c a p §h © a^ § § ab ] mZ c ab b Y� � aZ b W

øj ab Z © Y b b[ dj a § a ©ªc h l ]j l mj a c 3 c a g[ b Z c ab § a k d[ Z b Z aj b ¿ m a fB(p)

© m[ b b a ®Z c a h \ ]j mh a^ Z a� © b l Y ^ b Z ]^ Z W
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f ¦ Y[ b[ c ¥ k1 ≈ log k aZ k2 ≈ log k1

× ][ j j a § a R1¥ (k/k1) · log k = k d[ Z b

× ][ j j a § a R2¥ (k/k2) · log k1 = k d[ Z b

× ][ j j a § a R3¥ 2k2 · k2 · log k2 < k d[ Z b W
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f ¦ Y[ b[ c ¥ k1 ≈ log k aZ k2 ≈ log k1

× ][ j j a § a R1¥ (k/k1) · log k = k d[ Z b

× ][ j j a § a R2¥ (k/k2) · log k1 = k d[ Z b

× ][ j j a § a R3¥ 2k2 · k2 · log k2 < k d[ Z b W

ó a� ]c ¿ m a ¥ Y^ © a mZ ° ][ c a ] \ a l V b a mj c a g[ b Z c a § a o(k) d[ Z b W
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] \ a l § ab h Z[ ¿ m aZ Z ab § a Z ][ j j a ] m ©j m b (logn)2 + O(logn) d[ Z b « Y^

© a mZ l ]j l mj a c j ] §[ b Z ]^ l a a^ m^ Z a� © b l Y ^ b Z ]^ Z § ]^ b m^ ]c dc a ¯ n

b Y� � aZ b W
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] \ a l § ab h Z[ ¿ m aZ Z ab § a Z ][ j j a ] m ©j m b (logn)2 + O(logn) d[ Z b « Y^

© a mZ l ]j l mj a c j ] §[ b Z ]^ l a a^ m^ Z a� © b l Y ^ b Z ]^ Z § ]^ b m^ ]c dc a ¯ n

b Y� � aZ b W

ð ð ð

ñ m ab Z[ Y ^ ¥ ò a mZ Â Y^ ° ][ c a� [ a m � Ä
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Y^ §h ( ^ [ Z
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∑
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2i = 2t − 1 = 2log(c+1)−1 − 1 = c − 1,
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FnQ �
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√
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. . . . . .
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L(x, T ) = (C, D) W D = (d1, . . . , dh) W di ∈ {1, . . . , n}

(C, D) −→ (C, D̃)

N :O P (λ, δ)R T (s, n)o V < PO \ Y P VR ; X V PY O 9 9 V kQ
D̃ = (λ(d1), . . . , λ(dh)) <R ; kh = k logn _O P <
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� L g� l mf e > � � g h hK � � l? g m l� �

N :O P x, x′ ∈ T V P (C, D̃) V P (C ′, D̃′)9 VR ; < ] PO UR V P P V <Q
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P V \ S < Z :T < PY T P X Y T < R T Y ; _; V^ n < : \ \ V P <Q



� � � e� ��

8 ` V Z X V < ] PO UR V P P V < X V PY O 9 9 V Y R S9 R < 2 logn log logn+O(logn) _O P < W

:T S VR P Y S S; :� O \ V; 9 Y XO < PY T Z V^ R T qY Z P VR ; 1+1/ logn S; c < VT R T
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À ; Y b Y \ o � :9 9 YÁ � ÂÃ Ä �Å Y §D ° @¨ F H­ @ I B H ¤ I X~} R T � ; Y S b V Z :T T V� V G
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