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Abstract. We show that every proper minor-closed class of graphs admits a (1+o(1)) log2n-
bit adjacency labelling scheme. Equivalently, for every proper minor-closed class G and ev-
ery positive integer n there exists an n1+o(1)-vertex graph U such that every n-vertex graph
in G is isomorphic to an induced subgraph of U . Both results are optimal up to the lower
order term. They generalize the corresponding results for planar graphs and apex-minor-
free classes (Dujmović et al., J. ACM 2021) to all proper minor-closed classes, answering
the open question raised in that paper and anticipated earlier by Bonamy, Gavoille, and
Pilipczuk (SODA 2020).

1 Introduction

Let G be a class of graphs and let f : N→ N be a function. We say that G admits an f (n)-bit
adjacency labelling scheme if there exists a function A : ({0,1}∗)2 → {0,1} such that for all
positive integers n, for every n-vertex graph G ∈ G, there exists a function ℓ : V (G)→ {0,1}∗
such that |ℓ(v)|⩽ f (n) for each vertex v in G, and such that for every two vertices u, v in G,

A(ℓ(u), ℓ(v)) =

0 if uv < E(G),

1 if uv ∈ E(G).

A graph H is a minor of a graph G if a graph isomorphic to H can be obtained from
a subgraph of G by contracting edges. A class of graphs G is minor-closed if every minor
of every graph in G is also in G, and it is proper if it is not the class of all graphs. Some
examples of proper proper minor-closed include planar graphs, graphs of treewidth at
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most k, graphs embeddable in a fixed surface, linklessly embeddable graphs, knotlessly
embeddable graphs and, for every fixed graph X, the class of graphs with no X-minor.
Note that every proper minor-closed class is contained in the class of Kt-minor-free graphs
for some fixed t.

In this paper we prove the following result. (All logarithms are in base 2.)

Theorem 1. Every proper minor-closed class of graphs admits a (1 + o(1)) logn-bit adjacency
labelling scheme.

Note that all the dependence on the fixed proper minor-closed class in Theorem 1 is in
the o(logn) term. Also, Theorem 1 is optimal up to the o(logn) term, which isO

(
(logn)3/4

)
.

The proof of Theorem 1 is constructive. For every fixed proper minor-closed class G, there
is a polynomial-time algorithm that takes a graph G ∈ G as input and constructs the la-
belling ℓ : V (G)→ {0,1}∗.

A consequence1 of Theorem 1 is the existence of induced-universal graphs with a near-
linear number of vertices for n-vertex graphs belonging to a fixed proper minor-closed
class of graphs.

Corollary 2. For every proper minor-closed class G, for every positive integer n, there exists a
graph U with n1+o(1) vertices such that every n-vertex graph in G is isomorphic to an induced
subgraph of U .

1.1 State of the Art

Adjacency labelling schemes were introduced in the late 1980s by Kannan, Naor, and
Rudich [30] and independently in the PhD thesis of Muller [37]. Since this initial work,
labelling schemes have been developed for many other queries besides adjacency, includ-
ing distances [21], ancestry and nearest common ancestors in trees [1, 4, 5], reachability in
planar digraphs [29, 41], and flows and connectivity [31]. A review of this vast literature is
beyond the scope of this paper. Here we review results most relevant to the current work,
focusing mainly on trees, bounded treewidth graphs, and planar graphs.

Adjacency labelling schemes have also been studied for other general families of graph
classes. At the dense end of the spectrum, Bonamy, Esperet, Groenland, and Scott [7]
constructed asymptotically optimal adjacency labelling schemes for every hereditary class
containing 2Ω(n2) n-vertex graphs. In particular, they proved that comparability graphs
admit a labelling with labels of length n/4 + o(n), which is best possible up to the lower-
order term. Proper minor-closed classes lie at the opposite, sparse end of the spectrum,
where the situation is markedly different, as we now discuss.

We start with a simple example to better grasp the notion of labelling schemes. Given
an n-vertex tree T , fix an arbitrary vertex to be the root of T , and assign each vertex of
T a unique identifier, i.e., a number in {0, . . . ,n − 1}. For each non-root vertex v of T ,

1In fact, the viewpoints of adjacency labelling schemes and induced-universal graphs are essentially equiv-
alent. A minor detail is that the labelling schemes need to be injective for the equivalence to hold but this is
the case for those developed in this paper. See [40, Section 2.1] for more details on the connection between
the two notions.
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let the label of v be the pair consisting of its identifier and the identifier of its parent.
For the root vertex of T , let its label be the pair consisting of two copies of its identifier.
Clearly, given two labels of vertices in T , a test of adjacency is simply to verify whether
an identifier of one vertex is equal to a stored identifier of the parent of the other vertex.
This constitutes a ⌈log(n2)⌉ = ⌈2logn⌉-bit adjacency labelling scheme for trees. There is a
fascinating series of results improving on this simple scheme for trees. In 1990, a result of
Chung [11] about induced-universal graphs implies that n-vertex trees admit an adjacency
labelling scheme with labels of length logn+ loglogn+O(1). In 2002, Alstrup and Rauhe
[6] devised an improved scheme with labels of length logn +O(log∗n). Finally, in 2015,
Alstrup, Dahlgaard, and Knudsen [3] gave a (logn+O(1))-bit adjacency labelling scheme
for trees, which is optimal up to the O(1) term. Indeed, consider an n-vertex graph with
no two vertices having the same neighborhood (e.g., a path for n ⩾ 4). In any adjacency
labelling scheme, each vertex must be assigned a distinct label and therefore one label
must be of length at least log(n+ 1)− 1.

In 2007, Gavoille and Labourel [20] presented a (1 + o(1)) logn-bit adjacency labelling
scheme for graphs of bounded treewidth. This is particularly relevant to the topic of this
paper because of the following famous application of the graph minor structure theorem:
DeVos, Ding, Oporowski, Sanders, Reed, Seymour, and Vertigan [13] showed that every
graph in a proper minor-closed class can be edge 2-coloured so that each monochromatic
subgraph has bounded treewidth. Therefore, given a proper minor-closed class of graphs
G, for each G in G, fix such a 2-colouring of the edges of G, say with red and blue, and label
each vertex of G by the concatenation of the two labels given by the adjacency labelling
schemes for the red subgraph of G and for the blue subgraph of G. Thus, all labels are
of length (2 + o(1)) logn. Given two labels, to test adjacency simply test whether there is a
blue edge or whether there is a red edge. This gives a (2+o(1)) logn-bit adjacency labelling
scheme for a fixed proper minor-closed class of graphs, which remained the best-known
scheme up to the present work.

Planar graphs are a prominent example of a proper minor-closed class of graphs
and there is a long history of research on their adjacency labelling schemes. Since pla-
nar graphs are 5-degenerate, they admit a simple ⌈6logn⌉-bit adjacency labelling scheme,
which was already observed by Muller [37]. Kannan et al. [30] use a similar approach that
makes use of the fact that planar graphs have arboricity 3 (so their edges can be parti-
tioned into three forests [38]) to devise an adjacency labelling scheme for planar graphs
whose labels have length at most ⌈4logn⌉. This length was reduced to 3logn+O(log∗n) by
the improved scheme of Alstrup and Rauhe [6] for arboricity-k graphs. Of course, the later
result of Gavoille and Labourel [20] also applies to planar graphs, and gives a scheme with
labels of length (2+o(1)) logn. The most recent breakthrough came with the application of
the product structure theorem for planar graphs by Dujmović, Joret, Micek, Morin, Ueck-
erdt, and Wood [16]. In 2020, Bonamy, Gavoille, and Pilipczuk [8] recognized that the
product structure is particularly useful for adjacency labelling, breaking the (2+o(1)) logn
barrier by introducing a scheme with labels of length (4/3 + o(1)) logn. Finally, in 2020
Dujmović, Esperet, Gavoille, Joret, Micek, and Morin [15] used the product structure the-
orem to give a (1 + o(1)) logn-bit adjacency labelling scheme for planar graphs, which is
optimal up to the lower order term. In Dujmović et al. [15], the lower order term is in
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O(
√

logn loglogn). Gawrychowski and Janczewski [22] later introduced a simplification
that reduces the lower order term to O(

√
logn) and allows for the adjacency testing func-

tion to be implemented in constant time in a realistic model of computation.

The adjacency labelling scheme of Dujmović et al. [15] works for graphs embeddable
in any fixed surface, and more generally for any minor-closed class excluding a fixed apex
graph as a minor. Here a graph X is apex if X can be made planar by the removal of at
most one vertex. Since K5 is apex, this implies a (1 + o(1)) logn-bit adjacency labelling
scheme for K5-minor-free graphs. Such apex-minor-free classes are the limit of this ap-
proach, since a minor-closed class G has ‘product structure’ if and only if some apex graph
is not in G. Indeed, the existence of a (1 + o(1)) logn-bit adjacency labelling scheme for
Kt-minor-free graphs is stated as an open problem by Dujmović et al. [15, Section 6, Prob-
lem 2]. Bonamy et al. [8] likewise anticipated that such labelling schemes might extend
to all proper minor-closed classes via the graph minor structure theorem of Robertson
and Seymour, and identified the difficulty: “we do not know how to combine labeling
schemes along tree decompositions”. Prior to the present work, the best result for Kt-
minor-free graphs, t > 5, was the (2 + o(1)) logn-bit adjacency labelling scheme of Gavoille
and Labourel [20], who also conjectured that labels of length logn+O(1) suffice for every
proper minor-closed class of graphs.

Finally we discuss the relationship between our result and the Implicit Graph Con-
jecture. A hereditary graph class is small if it has 2O(n logn) labelled n-vertex graphs for all
n. For example, every proper minor-closed graph class is small [39]. The Implicit Graph
Conjecture [30] asserted that every small graph class admits an O(logn)-bit adjacency la-
belling scheme. Proper minor-closed classes satisfy this conjecture, and indeed they admit
labels of only (1 + o(1)) logn bits by Theorem 1. The conjecture in general was disproved
by Hatami and Hatami [27], who in fact showed there exist small graph classes for which
every adjacency labelling scheme needs Ω(n1/2−ϵ) bits. See [2, 9, 10] for recent extensions.
In light of the counterexamples of [27], it remains an interesting problem to determine
which hereditary classes admit O(logn)-bit, or even (1 + o(1)) logn-bit, adjacency labelling
schemes. Our result shows that excluding a fixed minor suffices for the strongest conclu-
sion.

1.2 Setup and Proof Overview

In this paper, all graphs are finite, simple, and undirected. For a graph G, V (G) denotes
the vertex-set of G, E(G) denotes the edge-set of G. A clique in a graph is a non-empty
set of pairwise adjacent vertices. Let G be a graph and X ⊆ V (G). By G[X] we denote the
subgraph of G induced on X. For other standard graph theory terms, we refer the reader
to the textbook by Diestel [14].

A tree-decomposition of a graph G is a pair (T , (Bx | x ∈ V (T ))), where T is a tree and
Bx ⊆ V (G) for every x ∈ V (T ), with the following properties: (a) for each vertex u in G,
the subgraph of T induced by {x ∈ V (T ) | u ∈ Bx} is non-empty and connected; and (b) for
each edge uv in G, there exists x ∈ V (T ) such that u,v ∈ Bx. We call the sets Bx the bags
of the tree-decomposition and, for each edge xy of T , Bx ∩ By is an adhesion of the tree-
decomposition. When T is rooted and x is the parent of y, Bx ∩ By is the parent adhesion
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of y. The parent adhesion of the root of T is the empty set. The home of a vertex v of G
is the unique x ∈ V (T ) such that v ∈ Bx and v is not in the parent-adhesion of x. The
adhesion-width of a tree-decomposition is the maximum size of an adhesion. For a tree-
decomposition T := (T , (Bx | x ∈ V (T ))) of a graph G, for each x ∈ V (T ), the torso of x,
denoted by G⟨T ,Bx⟩, is the graph with vertex-set Bx in which two distinct vertices u and v
are adjacent if uv ∈ E(G), or there exists y ∈NT (x) such that u,v ∈ Bx ∩By .

The strong product of graphs A and B, denoted by A⊠B, is the graph with vertex-
set V (A)×V (B), where distinct vertices (v,x), (w,y) ∈ V (A)×V (B) are adjacent if v = w and
xy ∈ E(B), or x = y and vw ∈ E(A), or vw ∈ E(A) and xy ∈ E(B). For an integer k ⩾ 0, let Rk
be the class of graphs isomorphic to a subgraph of H⊠P for some graph H with treewidth
at most k and for some path P . The main result of Dujmović et al. [15] is a (1+o(1)) logn-bit
adjacency labelling scheme for the class Rk , for any fixed k.

For any graph class G, let G+a be the class of graphs G such that G−X is in G for some
X ⊆ V (G) with |X |⩽ a. It is a simple exercise to show that any (1 + o(1)) logn-bit adjacency
labelling scheme for a graph class G implies the existence of a (1 + o(1)) logn-bit adjacency
labelling scheme for G+a (see Subsection 3.1 for a more general result). In particular, for
any fixed k,a⩾ 0, there exists a (1 + o(1)) logn-bit adjacency labelling scheme for R+a

k .

Our starting point is the following variant of the Graph Minor Structure Theorem:

Theorem 3 (Graph Minor Product Structure Theorem [16]). For every proper minor-closed
class G there exist integers k,a⩾ 0 such that every graph in G has a tree-decomposition in which
every torso is in R+a

k .

We now have enough background to sketch the proof of our main result. We begin by
describing natural approaches to the problem, where these approaches have issues, and
then explain how we overcome these issues. By the above-mentioned results, it suffices
to consider a graph class G with the following property: For every G ∈ G, there exists a
tree-decomposition T := (T , (Bx | x ∈ V (T ))) of G such that each torso of T comes from a
monotone graph class G′ that has a ((1 + o(1)) logn)-bit adjacency labelling scheme. Let A′

be the adjacency tester for the labelling scheme on G′.
LetG be an n-vertex graph in G and let T := (T , (Bx | x ∈ V (T ))) be a tree-decomposition

of G such that each torso of T is in the class G′. Each edge of G is present in G[Bx] for at
least one x ∈ V (T ). Thus, a natural first approach is to compute an adjacency labelling of
G[Bx] for A′, for each x ∈ V (T ). The problem with this approach is that a vertex v of G can
appear in many bags of T , so it can have many labels. Simply concatenating these labels
would result in labels of length much greater than logn.

Assigning homes: For each x ∈ V (T ), let Ax be the parent adhesion of x in T and let
B−x := Bx \Ax. (Thus x is the home of each v ∈ B−x .) Then {B−x | x ∈ V (T )} is a partition of
V (G). A natural second attempt is to compute an adjacency labelling ℓx of G[B−x ] for A′,
for each x ∈ V (T ). This leaves two closely-related issues:

1. For two vertices v ∈ B−x and w ∈ B−y with x , y, the adjacency test A′(ℓx(v), ℓy(w)) does
not produce a useful result, since ℓx and ℓy are labellings of different graphs. To
avoid misusing A′ this way, we need a way of determining that x , y from the labels
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of v and w.
2. In the case where x , y, we need an alternative way of testing if v and w are adjacent,

since vw is not present in
⋃
x∈V (T )G[B−x ] even when vw ∈ E(G).

These two issues make precise the difficulty that was also identified by Bonamy et al.
[8], namely that of combining labellings along a tree-decomposition. The tools we develop
next are designed to overcome it.

2-Part labels: To deal with the first issue, we can assign each vertex v a 2-part label
⟨x(v), ℓx(v)⟩, where x(v) is a unique identifier for the node x of T such that v ∈ B−x . Doing
this naïvely could easily lead to a label length of 2logn+ o(logn). This can be avoided by
using a variable-length code so that |x(v)| = logn−log |B−x(v)|+O(1). This way, |x(v)|+|ℓx(v)| =
|x(v)|+ log |B−x(v)|+o(logn) = logn+o(logn). This solves the first of the two problems above,
but still leaves us with the second problem. There is still no way of testing adjacency
between vertices with different homes.

Mixed labelling schemes: An important contribution of the current work is to introduce
a generalization of adjacency labelling schemes, called weighted mixed labelling schemes,
that attempts to solve both of these problems simultaneously. The weights play an im-
portant but technical role. For the simplicity of this overview we omit the role of the
weights for now, speaking only of mixed labelling schemes, and return to it at the end of
the overview when stating our main technical result. The formal definition appears at the
beginning of Section 3. Informally, a mixed labelling µ is defined for a pair of graphs Q+

and Q, where Q is a spanning subgraph of Q+, and µ defines labels for both vertices and
cliques of Q+. The vertex labels assigned by µ are used with an adjacency tester A for the
spanning subgraph Q. That is, for any two vertices v and w of Q, A(µ(v),µ(w)) = 1 if and
only if vw ∈ E(Q). In addition to the vertex and clique labels, a mixed labelling assigns, for
each clique K of Q+ and each vertex u ∈ K , a short local identifier κ(K,u) for u in K . These
clique, vertex, and local identifiers are used with an identity tester I . For any clique K of
Q+, any vertex u ∈ K , and any vertex v of Q, I(µ(K),κ(K,u),µ(v)) = 1 if and only if v = u.

Loosely speaking, a class admits an efficient mixed labelling scheme if it admits a
(1 + o(1)) logn-bit mixed labelling scheme. This notion of efficiency is defined formally
in the introduction to Section 3. Appendix A shows that the adjacency labelling scheme
for graphs in Rk given by Dujmović et al. [15] and its improvements by Gawrychowski
and Janczewski [22] can be extended to give an efficient mixed labelling scheme for Rk .
Lemma 13 shows that the addition of apex vertices to obtain the class R+a

k can be accom-
modated by any mixed labelling scheme. The resulting mixed labelling scheme has clique
and vertex labels of length logn+O(

√
logn) (see Lemma 19).

Thus, for every proper minor-closed graph family G, every graph G in G has a tree-
decomposition T of bounded adhesion-width whose torsos come from a class that has an
efficient mixed labelling scheme. This is the only property of proper minor-closed graph
classes that we use.

A solution for short tree-decompositions: We now describe a first attempt to use mixed
labelling schemes to simultaneously address the questions of determining if two vertices
of G have the same home and testing adjacency between two vertices of G with different
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homes. We begin by constructing a mixed labelling µx for the pair of graphs G⟨T ,Bx⟩ −Ax
and G[Bx]−Ax, for each x ∈ V (T ). Then, the label µ(v) for a vertex v in G has the form

µ(v) := ⟨µx0
(K1), . . . ,µxp−1

(Kp),µxp(v),α(v)⟩

where x0, . . . ,xp is the path from the root x0 of T to the home x = xp of v, and Ki = Axi \Axi−1

for each i ∈ {1, . . . ,p} is a clique in G⟨T ,Bxi−1
⟩ −Axi−1

. Here, α(v) is a form of adjacency list
that stores, for each u ∈ NG(v)∩Axp , the index i of the clique Ki that contains u and the
local identifier κxi−1

(Ki ,u).

Now, consider a vertex v whose home is x and a vertex w whose home is y. By ex-
amining the sequence of clique labels in µ(v) and µ(w), an adjacency tester can determine
which of the following four cases applies:

• x = y: In this case, the tester can use µx(v) and µy(w) = µx(w) to determine if vw ∈
E(G[Bx]−Ax).

• x is an ancestor of y: In this case, the path x0, . . . ,xq from the root of T to y con-
tains a node xp = x. The only way in which v and w can be adjacent is if v ∈
Kp+1. If v and w are adjacent, then v ∈ NG(w) ∩ Axq and therefore the pair (p +
1,κxp(Kp+1,v)) is contained in α(w). The adjacency tester checks this by search-
ing through the entries in α(w) looking for an entry (p + 1,κxp (Kp+1,v

′)) such that
I(µxp(Kp+1),κxp (Kp+1,v

′),µ(v)) = 1.
• y is an ancestor of x: This is symmetric to the previous case.
• x and y are not in an ancestor-descendant relationship. In this case Ax separates v

and w, so v and w are not adjacent.

With a careful application of variable-length codes, we can ensure that the total length
of the label µ(v) for a vertex v whose home has depth2 p is at most logn+p ·g3(n)+o(logn),
where g3(n), with 1 ⩽ g3(n) ∈ o(logn), is some overhead that is incurred with each step
xi−1xi in the path x0, . . . ,xp. In particular, there is an additive overhead of g3(n) in the
length of µxi−1

(Ki) for each i ∈ {1, . . . ,p}.
Unfortunately, mixed labelling schemes still do not completely solve the problem,

because the length p of the path x0, . . . ,xp can only be upper bounded by the height of T ,
which may be Ω(n). To prove Theorem 1 would require that height(T ) · g3(n) = o(logn).
Even when g3(n) = 1, this would require a tree-decomposition of height o(logn), which no
variant of Theorem 3 can guarantee.

Nevertheless, this strategy gives a ((1 + o(1)) logn)-bit adjacency labelling scheme for
the class of graphs whose n-vertex members have a tree-decomposition of bounded adhesion-
width and height o(logn/g3(n)) whose torsos come from a graph class G that has an efficient
mixed labelling scheme. (The function g3(n) is determined by the mixed labelling scheme
for G.) This result is Lemma 16 in Subsection 3.4.

Short partition into skinny subtrees: To deal with the case where the tree T in the
tree-decomposition T does not have small height, we partition the vertices of T into a
collection of subtrees such that each root to leaf path of T intersects at most 1 + logb n

2The depth of a node x in a rooted tree is the number of edges on the path from x to the root of the tree.
The height of the tree is the maximum depth of a node of the tree.
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of these subtrees, for a carefully chosen value of b. This is done in such a way that each
subtree in the decomposition, rooted at its node closest to the root of T , is b-skinny: it
has at most b nodes at depth i (measured from its own root), for each integer i ⩾ 0. This
partition is described in Corollary 10 in Subsection 2.6. By treating each subtree as a
single giant bag, this gives a tree-decomposition T ′ of G whose height is at most logb n,
and in which each torso of T ′ has a b-skinny tree-decomposition whose bags are bags of
T . In particular, the torsos of this b-skinny tree-decomposition belong to the original class
admitting an efficient mixed labelling scheme. Note that at this point we do not yet know
how to label the (typically large) bags of T ′ themselves. That is the purpose of the next
step.

Skinny tree-decompositions: The last ingredient needed to complete the proof is a
method of handling graphs that have b-skinny tree-decompositions whose torsos belong to
a graph class that admits an efficient mixed labelling scheme. To use our solution for short
tree-decompositions, we must show that such graphs have an efficient mixed labelling
scheme. To do this, we group the nodes of the tree-decomposition T into layers L1, . . . ,Lp,
where Li contains all nodes of depth i − 1. For each i ∈ {1, . . . ,p}, a mixed labelling µi is
computed for the pair of graphs

⋃
x∈Li (G⟨T ,Bx⟩−Ax) and

⋃
x∈Li (G[Bx]−Ax). We then reuse

ideas of Gavoille and Labourel [20] and Dujmović et al. [15] to handle adjacency testing be-
tween vertices in different homes and extend these to provide the remaining functionality
(clique labels, local identifiers, and identity testing) required for a mixed labelling scheme.
The resulting mixed labelling scheme has labels of length logn+O(logb) + o(logn).

Closing the loop: Putting the preceding pieces together with g3(n) = O(
√

logn) and set-
ting b = 2(logn)3/4

shows that any proper minor-closed graph class has an f (n)-bit adjacency
labelling scheme where

f (n) := logn+ (logb n) ·O(
√

logn) +O(logb) = logn+O((logn)3/4) .

Without much extra work, the adjacency-labelling solution for short tree-decompositions
can be extended to provide an efficient mixed labelling scheme. Since this only relies on
the underlying tree-decomposition having bounded adhesion-width and having torsos in
a class G that has an efficient mixed labelling scheme, our main result is thus described
concisely by the following theorem:

Theorem 4. Let G be a hereditary graph class closed under taking disjoint union and admitting
an efficient weighted mixed labelling scheme. Then, for any fixed integer k ⩾ 0, the class of
graphs that have a tree-decomposition of adhesion-width at most k whose torsos belong to G also
admits an efficient weighted mixed labelling scheme.

We can now say what the weights are for. For the recursion behind this theorem,
plain mixed labelling schemes are not enough. We need a refinement in which each vertex
v carries a positive weight ω(v) and vertex labels satisfy the Kraft-type bound |µ(v)| ⩽
logω(V (G)) − logω(v) + o(logn). Intuitively, weights let heavier vertices receive shorter
labels; when recursing on a tree-decomposition, inflating the weight of a vertex according
to the total weight hanging below it makes the label lengths telescope along root-to-leaf
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paths. This notion of a weighted mixed labelling scheme (and the accompanying notion of
efficiency) is defined formally in Section 3.

A quantitative version of Theorem 4 appears as Lemma 17 in Subsection 3.5.

1.3 Paper Organization

The remainder of the paper is organized as follows:

Section 2 reviews some basic background material and shows how to partition any
tree-decomposition into b-skinny subtrees so that contracting each subtree yields a tree-
decomposition of height at most logb n, as outlined above. Section 3 formally defines
weighted mixed labelling schemes and proves Theorem 4. We conclude in Section 4 by
explaining how the constructive nature of Theorem 1 leads to a polynomial-time labelling
algorithm.

2 Building blocks

Let N be the set of all nonnegative integers, and let N+ be the set of all positive integers.
For p ∈ N+, let [p] := {1, . . . ,p}.

A graph class is a set of graphs closed under isomorphism. A graph class G is hereditary
if for every G in G every induced subgraph of G is also in G. A graph class G is monotone
if for every G ∈ G, every subgraph of G is in G. A disjoint union of two graphs G and H is
a graph obtained from two vertex-disjoint copies of G and H with no edge in between. A
class of graphs C is closed under taking disjoint union if for all G,H in C, the disjoint union
of G and H is also in C.

If G is a graph, P is a path and (P , (Bx | x ∈ V (P ))) is a tree-decomposition of G,
then (P , (Bx | x ∈ V (P ))) is called a path-decomposition of G, which we usually denote as
(B1, . . . ,B|V (P )|).

2.1 Trees and Forests

For a rooted tree T with root r ∈ V (T ) and a node x of T , define PT (x) to be the path in T
from x to r. A forest F is a graph (possibly disconnected) each of whose components is a
tree. If each component of a forest F is a rooted tree, then F is a rooted forest. For a node x
in a rooted forest F, let PF(x) := PT (x) where T is the component of F that contains x.

Let F be a rooted forest. For each x ∈ V (F), the F-depth of x, denoted depthF(x), is the
number of edges in PT (x). The height of F, denoted height(F) := maxx∈V (F) depthF(x), is the
maximum F-depth of a vertex in F. For each y ∈ V (F) and each x ∈ V (PF(y)) (including y),
the vertex x is an F-ancestor of y and y is a F-descendant of x. For each x ∈ V (F), Fx denotes
the subtree of F induced by all F-descendants of x. For each edge xy of F where x is an
F-ancestor of y, we say that x is the F-parent of y and y is an F-child of x. We say that a
set S ⊆ V (F) is an F-antichain, if there are no distinct x,y ∈ S such that x is a F-ancestor
of y. (When there is no danger of ambiguity, we may drop the leading F- from F-depth,
F-ancestor, F-descendant, F-parent, and F-child.) We treat each subgraph F′ ⊆ F, as a
rooted forest in which each component T of F′ is rooted at the node of T having minimum
F-depth. For each i ∈ N+, the i-th layer of F is Li(F) := {x ∈ V (F) : depthF(x) = i − 1}. Thus,
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L1(F) is the set of roots of components of F.

For a rooted tree T and any set S ⊆ V (T ), the lowest common T -ancestor of S, denoted
lcaT (S), is the node in

⋂
x∈S V (PT (x)) of maximum T -depth.

2.2 Tree-Decompositions and Forest-Decompositions

It will be convenient to work with forest-decompositions, which are the natural generaliza-
tion of a tree-decomposition that allow the graph indexing the bags to be a forest. Specif-
ically, (F, (Bx | x ∈ V (F)) is a forest-decomposition of a graph G if F is a forest, for each edge
vw ofG there exists x ∈ V (F) with v,w ∈ Bx, and for each vertex v ofG, F[{x ∈ V (F) | v ∈ Bx}]
is connected. A forest-decomposition is rooted if it is indexed by a rooted forest. A
rooted forest-decomposition (F, (Bx | x ∈ V (F)) of a graph G is tidy if (1) Bx , ∅ for each
x ∈ V (F); (2) By ⊈ Bx for each y ∈ V (F) with an F-parent x; and (3) Bz ∩ By ⊈ By ∩ Bx
for each z ∈ V (F) with F-parent y and F-grandparent x. Any rooted forest-decomposition
F := (T , (Bx | x ∈ V (T ))) can be made into a rooted tidy forest-decomposition by (1) remov-
ing every node x of T with Bx = ∅, (2) removing every edge xy of T with Bx ∩By = ∅, and
(3) repeatedly replacing an edge yz with the edge xz if Bz∩By = Bx∩By and x is the parent
of y. This transformation has the properties expressed in the following observation:

Observation 5. Let G be a graph and let (F, (Bx | x ∈ V (F))) be a forest-decomposition of G.
Then there exists a rooted forest F′ with V (F′) ⊆ V (F), height(F′) ⩽ height(F), such that F ′ :=
(F′ , (Bx | x ∈ V (F′))) is a rooted tidy forest-decomposition of G and every torso of F ′ is a torso of
F .

We make use of the fact that rooted tidy forest-decompositions remain tidy when we
remove the root bags and their contents. More precisely, let F := (F, (Bx | x ∈ V (F))) be
a rooted tidy forest-decomposition of a graph G, let R be the set of roots in F, let BR :=⋃
r∈RBr , and let Cx := Bx \BR for each x ∈ V (F). Then (F −R, (Cx | x ∈ V (F −R))) is a rooted

tidy rooted forest-decomposition of G −BR.

2.3 Weight Functions

For a non-empty set S, a weight function over S is a function ω : S→ R+. For X ⊆ S, we use
the shorthand ω(X) :=

∑
x∈Xω(x). When S := V (G) is the vertex-set of a graph G and H is

a subgraph of G, we use the shorthand ω(H) :=ω(V (H)).

Let ω : S → R+ be a weight function. For each x ∈ S, the (Kraft) ideal codeword length
for x is logω(S) − logω(x). It will be convenient to place some upper bound on the Kraft
ideal codeword length or, equivalently, on the ratio of total weight, ω(S) to minimum
weight minx∈S(ω(x)). The following observation gives a way to do this without increasing
the ideal codeword length of each x ∈ S by more than a constant:

Observation 6. For every weight function ω : S → R+, there exists a weight function ω′(S)→
N+ such that logω′(S)− logω′(x) ⩽ min{log |S |, logω(S)− logω(x)}+ 2, for each x ∈ S.

Proof. By dividing every weight by minx∈Sω(x) we may assume, without loss of generality,
that ω(x) ⩾ 1 for each x ∈ S, since this does not change the value of the right-hand side
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in the inequality. For each x ∈ S, define ω′(x) := ⌈max{ω(S)/ |S |, ω(x)}⌉. Then ω′(S) <∑
x∈S(ω(S)/ |S |+ω(x) + 1) = 2ω(S) + |S | ⩽ 3ω(S). For each x ∈ S, the inequality ω′(x) ⩾ ω(x)

implies that logω′(S) − logω′(x) ⩽ logω(S) − logω(x) + log3 and the inequality ω′(x) ⩾
ω(S)/ |S | implies that logω′(S)−logω′(x) ⩽ logω(S)−log(ω(S)/ |S |)+log3 = log |S |+log3.

2.4 Shannon and Shannon–Fano–Elias Codes

A code for a set S is an injective function λ : S → {0,1}∗ that maps each element in S to
a distinct binary string. A code is prefix-free if λ(x) is not a prefix of λ(y) for all distinct
x,y ∈ S.

A rooted tree T is a binary tree if each node of T has at most two children among which
at most one is the left child and at most one is the right child. A binary tree T is full if for
every node x of T , either x has two children or x has no children. A full binary tree T is
complete if all the leaves of T have the same depth in T . Let T be a binary tree. There is a
natural ordering, called left-to-right ordering, of the leaves of T , such that for every node x,
if x has two children then all the leaf descendants of the left child of x precede all the leaf
descendants of the right child of x.

The following result is a variant of Alphabetic Binary Trees. Similar results (with the
constant 3 replaced by 2) are well-known and there are several proofs [23, 34, 36]. We
provide a proof of the weaker statement here because it illustrates a simple but powerful
technique—simulating weight by multiplicity—that we will use again later.

Lemma 7. Let S be a linearly ordered set and let ω : S → N+. Then there exists a binary tree
T such that S is the set of leaves of T , the linear order on S agrees with the left-to-right-order of
the leaves in T , and for each x ∈ S

depthT (x) ⩽ logω(S)− logω(x) + 3 .

Proof. Let h := ⌈logω(S)⌉. Let Q be the complete binary tree of height h, so with 2h leaves.
For each x ∈ S, define the ω(x)-element set

Sω(x) := {(x,1), (x,2), . . . , (x,ω(x))}

and let Sω :=
⋃
x∈S Sω(x). Then |Sω| = ω(S). Treat Sω as a linearly ordered set by using

lexicographic order and rename the leftmost ω(S) leaves of Q, in order, with elements of
Sω.

Now for each x ∈ S, we are going to fix a node r(x) in Q such that (1) all the leaves of
Qr(x) lie in Sω(x); and (2) Qr(x) contains at least ω(x)/4 leaves.

Let x ∈ S. If ω(x) = 1 then define r(x) := (x,1), which is a leaf of Q. Clearly, (1) and
(2) hold. Now suppose that ω(x) ⩾ 2. Consider the lowest common Q-ancestor y of Sω(x).
Thus, y is an internal node of Q and both children of y contain in their subtree a leaf in
Sω(x). Since Sω(x) is a set of consecutive leaves in Q, all leaves of the left child y′ of y
in Q that are in Sω(x) are rightmost in Qy′ and all leaves of the right child y′′ of y in Q
that are in Sω(x) are leftmost in Qy′′ . Let z be the child of y in Q such that Qz has at least
ω(x)/2 leaves in Sω(x) and let Sz be the set of all such leaves. Thus, |Sz| ⩾ ω(x)/2. Since
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the argument is completely symmetric in these cases, assume that z is the left child of y.
Consider a path in Qz starting from z and always taking an edge to the right child of the
current node until we finish at a leaf. Let v be the first vertex of that path such that Qv has
all leaves in Sz. If v = z then we set r(x) := v. Clearly (1) and (2) hold. Suppose that v , z.
Let u be the parent of v. Since the set of leaves of Qu form an interval of rightmost leaves
of Qz and since Qu contains a leaf not in Sz, we conclude that Qu contains all nodes in Sz
as leaves. Therefore, Qv contains at least |Sz|/2 vertices of Sz as leaves. We set r(x) := v and
again (1) and (2) hold.

Note that the set {r(x) | x ∈ S} is a Q-antichain. Indeed, if x,y ∈ S, x , y and r(x) is a
Q-ancestor of r(y), then the leaves of Qr(y) are contained in the leaves of Qr(x) which by (1)
implies that Qr(x) contains all nodes in Sω(y) as leaves. However, again by (1) all the leaves
of Qr(x) lie in Sω(x) which is disjoint from Sω(y), a contradiction.

Let x ∈ S. Since Qr(x) contains at least ω(x)/4 leaves, height(Tr(x)) ⩾ log(ω(x)/4) =
logω(x)− 2. Finally,

depthQ(r(x)) ⩽ height(Q)−height(Qr(x))

⩽ ⌈logω(S)⌉ − (logω(x)− 2)

⩽ logω(S)− logω(x) + 3 .

Let T :=
⋃
x∈S PQ(r(x)). Since {r(x) | x ∈ S} is a Q-antichain, we conclude that {r(x) | x ∈

S} is the set of all leaves of T . Identifying each leaf rx of T with x for each x ∈ S gives the
desired tree.

In coding theory, Lemma 7 is the basis of the Shannon-Fano-Elias coding scheme, as
we now explain. By assigning each edge e of a binary tree T a 0 or 1 depending on whether
e joins a parent to its left or right child, we obtain an encoding of each root-to-leaf path in
T as a binary string. Doing this with the tree from Lemma 7, we obtain the following.

Corollary 8. Let S be a linearly ordered set and let ω : S → N+. Then there exists a code
ρ : S→ {0,1}⋆ for S such that:

(a) |ρ(x)|⩽ logω(S)− logω(x) + 3 for each x ∈ S, and
(b) ρ(x) is lexicographically less than ρ(y) for each x,y ∈ S with x < y in S.

2.5 On Multipart Labels

In many cases, a label (a bitstring) will have a variable number of parts (also bitstrings),
of varying lengths. We write this as s := ⟨s1, . . . , sp⟩, where each of s1, . . . , sp is a (possibly
empty) bitstring. The concatenation of s1, . . . , sp, has length

|s| = |s1, . . . , sp| =
∑p
i=1 |sp| .

This ignores the important issue that, in order for a decoder to extract the individual parts
s1, . . . , sp it must know the number of parts, p, and (at least p − 1 of) the lengths |s1|, . . . , |sp|.
We handle this by encoding the value of p and the lengths |s1|, . . . , |sp| and prepending
these to s. This is most easily done using Elias’ code γ : N+→ {0,1}∗ for positive integers, in
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which each x ∈ N+ is encoded by a self-delimiting binary string γ(x) with |γ(x)|⩽ 2⌊logx⌋+
1 [19].3 In our application si may have zero length and p may even be equal to zero, so
that the codeword for each x ∈ N is γ(x+1) and has length 2⌊log(x+ 1)⌋+1. In this way, we
obtain a self-delimiting encoding of s1, . . . , sp as

⟨s1, . . . , sp⟩ := γ(p+ 1),γ(|s1|+ 1), . . . ,γ(|sp|+ 1), s1, . . . , sp ,

which has length
|⟨s1, . . . , sp⟩| =

∑p
i=1 |si |+O(l̂gp) +O(

∑p
i=1 l̂g |si |) , (1)

where l̂gx := logmax{2,x} (just so that l̂g(x) is defined and l̂g(x) ⩾ 1 for each x ∈ N). The
bits of ⟨s1, . . . , sp⟩ that come from s1, . . . , sp are called the payload bits and the remaining bits
are called the bookkeeping bits of ⟨s1, . . . , sp⟩. In our setting it will always be the case that
p ∈ o(logn) and we will use Observation 6 to ensure that |si | ∈ O(logn) for each i ∈ [p].
Thus, the number of bookkeeping bits in ⟨s1, . . . , sp⟩ is O(p loglogn).

In some cases, we include one or more non-negative integers as part of a multipart
label. When we include d ∈ N as part of a label this way, we are actually including the
⌈log(d + 1)⌉-bit binary representation bin(d) of d. For the sake of readability, we write this
as ⟨s1,d, s2, . . .⟩ rather than ⟨s1,bin(d), s2, . . .⟩.

2.6 Separators with Low Pathwidth and Low Path-Adhesion-Width

Recall that for b ∈ R+, a rooted tree T is b-skinny if |Li(T )| ⩽ b for each i ∈ N+, and a
rooted tree-decomposition (T , (Bx | x ∈ V (T ))) of a graph G is b-skinny if T is b-skinny. The
following lemma shows how to construct a (1/b)-separator using the bags in a b-skinny
subtree of a tree-decomposition.

Lemma 9. Let b > 1, let T be a rooted tree, let ω : V (T )→ R, and let

X := {x ∈ V (T ) |ω(Tx) > ω(T )/b} .

Then:

(a) T [X] is connected and contains the root of T ;
(b) |X ∩Li(T )| < b, for each i ∈ N+; and
(c) ω(C) ⩽ω(T )/b for each component C of T −X.

Proof. Let r be the root of T . Since b > 1, we have thatω(Tr ) =ω(T ) > ω(T )/b. For x ∈ X\{r},
let y be the T -parent of x, then ω(Ty) ⩾ω(y)+ω(Tx) > ω(Tx) > ω(T )/b. Therefore r ∈ X and,
for each x ∈ X \ {r}, X contains the T -parent of x. Thus T [X] is connected. This proves (a).

For each i ∈ N+, the subtrees in {Tx | x ∈ X ∩Li(T )} are pairwise vertex-disjoint, so

ω(T ) ⩾
∑

x∈X∩Li (T )

ω(Tx) >
∑

x∈X∩Li (T )

ω(T )/b = |X ∩Li(T )| ·ω(T )/b.

Rewriting this inequality gives |X ∩Li(T )| < b for each i ∈ N+. This proves (b).

3For each x ∈ N+, γ(x) consists of ⌊logx⌋ 0 bits, followed by the binary representation of x (which begins
with a 1 bit and has length ⌊logx⌋+ 1).
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By (a), each component C of T −X is a subtree of T that is rooted at some node y whose
T -parent is in X. Since y < X, ω(C) =ω(Ty) ⩽ω(T )/b. This proves (c).

Corollary 10. For every b > 1, every n ∈ N+, every n-vertex graphG and every tree-decomposition
T := (T , (Bx | x ∈ V (T ))) of G, there exists a tree-decomposition Q := (Q, (Dx | x ∈ V (Q))) of G
such that

(a) each adhesion of Q is an adhesion of T ;
(b) for each q ∈ V (Q), G⟨Q,Dq⟩ has a b-skinny tree-decomposition (T (q), (By | y ∈ V (T (q))))

where T (q) is a subtree of T ; and
(c) height(Q) ⩽ logb n.

Proof. Fix b > 1. Let G be an n-vertex graph, let T := (T , (Bx | x ∈ V (T ))) be a rooted tree-
decomposition of G, and let r be the root of T . We prove a slightly stronger statement that
involves a set A ⊆ Br . The proof is by induction on |V (G−A)|. To make the induction work
we strengthen (c) to:

(c’) height(Q) ⩽ max{0, logb(|V (G −A)|)}
Define the function

ω(y) :=

|Br \A| if y = r

|By \Bx| if y ∈ V (T ) \ {r} has T -parent x.

Observe that
∑
y∈V (T )ω(y) = |V (G −A)|. Let N := |V (G −A)|.

First we consider the base case. If N ⩽ b, let Q be a tree that has only one node, s.
Let X = {r} if N = 0, and X = {x ∈ V (T ) | ω(Tx) > 0} otherwise. Then T [X] is a subtree
of T containing r. For any i ∈ N+, the subtrees Tx for x ∈ X ∩ Li(T ) are disjoint, so |X ∩
Li(T )| ⩽

∑
x∈X∩Li (T )ω(Tx) ⩽ ω(T ) = N ⩽ b. Thus, T [X] is b-skinny. Let Ds :=

⋃
x∈X Bx and

letQ := (Q, (Dq | q ∈ V (Q))). For each y ∈NT (X), ω(Ty) = 0, so V (Gy−Ay) = ∅, which implies
Bz ⊆ Ay ⊆ Bx for all z ∈ V (Ty), where x ∈ X is the T -parent of y. Hence Ds =

⋃
y∈V (T )By ,

meaning Q is a tree-decomposition of G with no adhesions, so (a) holds vacuously. Since
G⟨Q,Ds⟩ = G, we take T (s) = T [X] and then (T (s), (By | y ∈ V (T (s)))) is a b-skinny tree-
decomposition of G⟨Q,Ds⟩, so (b) holds. Since V (Q) = {s} and depthQ(s) = 0, condition (c’)
holds because height(Q) = 0 ⩽ max{0, logb(N )}.

Now assume N > b. Let X := {x ∈ V (T ) |ω(Tx) > N/b}. By Lemma 9, T [X] is a b-skinny
subtree of T that includes r. The root of the tree Q will be a node s and Ds :=

⋃
x∈X Bx.

For each y ∈ NT (X), let Gy := G[
⋃
z∈V (Ty )Bz] and let Ay := By ∩ Bx be the parent ad-

hesion of y in T , where x is the T -parent of y. Then Ty := (Ty , (Bz | z ∈ V (Ty))) is a
tree-decomposition of Gy and every adhesion of Ty is an adhesion of T . Observe that
|V (Gy −Ay)| =ω(Ty) ⩽N/b. Apply the inductive hypothesis to Gy with tree-decomposition
Ty and special set Ay to obtain a tree-decomposition Qy = (Qy , (Dq | q ∈ V (Qy))) of Gy . By
induction, each bag of Qy has a tree-decomposition formed by a (skinny) subtree of T .
Therefore, some bag Dry of Qy contains all the vertices of By . Make ry a child of s in the
tree Q.

We now show that Q is a tree-decomposition of G that satisfies the requirements of
the lemma.
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(a): For each y ∈ NT (X), the adhesion between s and ry is Ay , which is an adhesion of T .
Furthermore, each adhesion of Ty is an adhesion of T , so each adhesion of Qy is an
adhesion of T . Thus every adhesion of Q is an adhesion of T .

(b): TX := (T [X], (By | y ∈ V (T [X]))) is a b-skinny tree-decomposition ofG⟨Q,Ds⟩. For each
y ∈NT (X),G⟨Qy ,Dry ⟩ has a tree-decomposition whose tree is a b-skinny subtree of Ty .
The tree-decomposition ofGy⟨Qy ,Dry ⟩ contains By , therefore this tree-decomposition
is also a tree-decomposition of G⟨Q,Dry ⟩. By induction, every other bag of Qy has a
tree-decomposition whose tree is a b-skinny subtree of T . Thus, each torso of Q has
a b-skinny tree-decomposition whose tree is a subtree of T .

(c’): For each y ∈ L2(Q), the inductive hypothesis implies that height(Qy) ⩽ max{0,
logb(|V (Gy −Ay)|)}. Since |V (Gy −Ay)| =ω(Ty) ⩽N/b = |V (G −A)|/b,

height(Qy) ⩽ max{0, logb(|V (G −A)|/b)} = max{0, logb |V (G −A)| − 1}.

Thus, height(Q) = 1 + max{height(Qy) : y ∈ L2(Q)} ⩽ max{1, logb |V (G − A)|} =
logb |V (G −A)| (since |V (G −A)| > b ⩾ 1).

3 Weighted Mixed Labelling Schemes – Proof of Theorem 4

This section defines weighted mixed labelling schemes and proves our main technical re-
sult, namely Theorem 4. Let G be a class of graphs. Let gi : N→ R+ for each i ∈ [3]. The
class G admits a weighted (g1, g2, g3) mixed labelling scheme of G if there exists a pair (A,I)
with

• A : ({0,1}∗)2→ {0,1} (the adjacency tester); and
• I : ({0,1}∗)3→ {0,1} (the identity tester)

such that for every n ∈ N+, every n-vertex graph G+ in G, every spanning subgraph G
of G+, and every weight function ω : V (G) → R+, there exists a function µ : V (G) ∪ {K |
K is a clique in G+} → {0,1}∗ and a function κ : {(K,u) | K is a clique in G+,u ∈ K} → {0,1}∗
such that:

(i) For all pairs of distinct cliques K and L in G+, µ(K) , µ(L);
(ii) For all u,v ∈ V (G),

A(µ(u),µ(v)) = 1 if and only if uv ∈ E(G);

(iii) For every clique K in G+, u ∈ K , v ∈ V (G),

I(µ(K),κ(K,u),µ(v)) = 1 if and only if u = v;

(iv) for every v ∈ V (G),
|µ(v)|⩽ logω(G)− logω(v) + g1(n);

(v) for every clique K in G+,

|µ(K)|⩽ logω(G)− logmin
v∈K

(ω(v)) + g3(n);
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(vi) for every clique K in G+ and u ∈ K ,

|κ(K,u)|⩽ g2(n).

A pair (µ,κ) that satisfies the first two conditions is a mixed labelling of (G+,G) for (A,I).
A pair (µ,κ) that satisfies all these conditions is a weighted (g1, g2, g3) mixed labelling of
(G+,G,ω) for (A,I).

Here is a little intuition about these definitions. Function g1(n) measures how much
the length of a vertex label exceeds the ideal value logω(G)−logω(v) that appears in Kraft’s
Inequality [35]. Function g2(n) is the length of the longest local identifier. Function g3(n)
measures how much the length of a clique label exceeds the Kraft-like quantity logω(G)−
logminv∈K (ω(v)).

The existence of a weighted (g1(n), ·, ·) mixed labelling scheme for a graph class G im-
mediately implies the existence of a (logn + g1(n))-bit adjacency labelling scheme for G.
Thus, we are interested in the case where g1(n) ∈ o(logn). We say that a graph class G ad-
mits an efficient weighted mixed labelling scheme if G admits a weighted (g1, g2, g3) mixed
labelling scheme with gi(n) ∈ o(logn) for each i ∈ [3]. So any graph class that admits an
efficient weighted mixed labelling scheme admits a (1 + o(1)) logn-bit adjacency labelling
scheme. The following lemma shows that any adjacency labelling scheme obtained this
way is injective, which justifies Corollary 2.

Lemma 11. Let (µ,κ) be a mixed labelling of some (G+,G,ω) for some (A,I). Then the restriction
µ|V (G) of µ to V (G) is injective.

Proof. Suppose, for the sake of contradiction, that there exists distinct v,w ∈ V (G) such
that µ(v) = µ(w). SinceK := {v} is a clique inG+, this immediately leads to the contradiction
1 = I(µ(K),κ(K,v),µ(v)) = I(K,κ(K,v),µ(w)) = 0.

It will actually be convenient to consider a slightly weaker notion of weighted (g1, g2, g3)
mixed labelling schemes.

A weight function ω : S→ N+ is nice if for every x ∈ S,

logω(S)− logω(x) ⩽ log |S |+ 2 .

(We emphasize that weights are required to be positive integers here, which will be impor-
tant later on.) We then say that a class of graphs G admits a weak weighted (g1, g2, g3) mixed
labelling scheme if G satisfies the definition given above for weighted (g1, g2, g3) mixed la-
belling schemes, with the exception that only nice weight functions ω are considered. The
two notions are essentially equivalent, as shown by the following lemma. This will allow
us to only consider nice weight functions in the proofs.

Lemma 12. Let G be a class of graphs. Let gi : N→ R be functions for each i ∈ [3]. If G admits
a weak weighted (g1, g2, g3) mixed labelling scheme, then G admits a weighted (g1 + 2, g2, g3 + 2)
mixed labelling scheme.
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Proof. Suppose that G admits a weak weighted (g1, g2, g3) mixed labelling scheme. Let A
and I be the corresponding adjacency and identity tester, respectively. We will use the
same pair (A,I) for our weighted (g1 + 2, g2, g3 + 2) mixed labelling scheme. Let n ∈ N+, let
G+ be an n-vertex graph in G, letG be a spanning subgraph ofG+, and letω : V (G)→ R+ be
an arbitrary weight function. Let ω′ be the function obtained by applying Observation 6
to ω. Thus, for every v ∈ V (G),

logω′(V (G))− logω′(v) ⩽ min{logn, logω(G)− logω(v)}+ 2 .

In particular,ω′ is nice. Hence, by our assumption, there is a mixed labelling µ of (G+,G,ω′)
for (A,I) and a local identifier κ of (G+,G,ω′) for (A,I). Hence, for every v ∈ V (G),

|µ(v)|⩽ logω′(G)− logω′(v) + g1(n) ⩽ logω(G)− logω(v) + g1(n) + 2 ,

and for every clique K in G+,

|µ(K)|⩽ logω′(G)− logmin
v∈K

(ω′(v)) + g3(n) ⩽ logω(G)− logmin
v∈K

(ω(v)) + g3(n) + 2 .

It follows that µ and κ are the desired mixed labelling and local identifier, respectively, of
(G+,G,ω) for (A,I).

3.1 Adding Apex Vertices

The next lemma shows how a mixed labelling scheme can accommodate the addition of
apex vertices. Recall that G+a is the class of graphsG such thatG−X ∈ G for some X ⊆ V (G)
with |X |⩽ a.

Lemma 13. Let G be a class of graphs that admits a weighted (g1, g2, g3) mixed labelling scheme,
where gi : N→ R is a non-decreasing function with gi(n) ∈O(logn) for each i ∈ [3]. Let a ∈ N+.
Then G+a admits a weighted (g ′1, g

′
2, g
′
3) mixed labelling scheme, where

g ′1(n) = g1(n) +O(a) +O(loglogn) ,

g ′2(n) = g2(n) +O(loga) ,

g ′3(n) = g3(n) +O(a) +O(loglogn) .

Proof. By Lemma 12 it is enough to show that G+a admits a weak weighted (g ′1, g
′
2, g
′
3) mixed

labelling scheme. We will describe an adjacency testerA′ and an identity tester I ′ for which
we can construct a mixed labelling (µ,κ) for any (G+,G,ω) where G+ ∈ G+a, G is a spanning
subgraph of G+, and ω : V (G)→ N+ is a nice weight function. Since it is not possible to
describe A′ and I ′ without knowing the contents of the labels, we first describe how to
compute µ and κ for a particular (G+,G,ω).

Let G+ be an n-vertex graph in G+a. Thus, there is a subset X ⊆ V (G+) of at most a
vertices such that G+ −X ∈ G. Let G be a spanning subgraph of G+, and let ω : V (G)→ N+

be a nice weight function. Thus, for each v ∈ V (G),

logω(G)− logω(v) ⩽ logn+ 2 . (2)

Let n ∈ N+, let G+ be an n-vertex graph in G+a, let G be a spanning subgraph of G+,
and let ω : V (G)→ N+ be a nice weight function.
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The subgraph label µ−: Let (A,I) be the pair of adjacency and identity testers for a
weighted (g1, g2, g3) mixed labelling scheme of G. Let (µ−,κ−) be a weighted (g1, g2, g3)
mixed labelling of (G+ −X,G −X,ω|V (G)) for (A,I). Then for each v ∈ V (G −X),

|µ−(v)|⩽ logω(G −X)− logω(v) + g1(|V (G −X)|)
⩽ logω(G)− logω(v) + g1(n) ,

(3)

and for each clique K in G −X,

|µ−(K)|⩽ logω(G −X)− logmin
v∈K

(ω(v)) + g3(|V (G −X)|)

⩽ logω(G)− logmin
v∈K

(ω(v)) + g3(n) .
(4)

Extend the domain of µ− to include the vertices in X by defining µ−(v) := ε (the empty
string), for each v ∈ X.

The apex identifier σ(u): Fix a linear ordering u1, . . . ,ub of the vertices in X. By defini-
tion, b ⩽ a. For each u ∈ V (G) define

σ (u) :=

⌈log(b+ 1)⌉-bit binary representation of i if u ∈ X and u = ui ,

⌈log(b+ 1)⌉ zero bits if u ∈ V (G)−X.

The vertex label µ(v): For each v ∈ V (G), let c(v) be a b-bit string whose i-th bit indicates
if vui ∈ E(G). For each v ∈ V (G), define

µ(v) := ⟨σ (v), c(v),µ−(v)⟩ .

For each v ∈ V (G),

|σ (v)|+ b+ |µ−(v)|⩽ ⌈log(b+ 1)⌉+ b+ logω(G −X)− logω(v) + g1(n− |X |) by (3)

⩽ logω(G)− logω(v) + g1(n) + 2a

⩽ logn+ g1(n) + 2a+ 2 since ω is nice

∈O(a+ logn) ,

and therefore

|µ(v)|⩽ |σ (v)|+ a+ |µ−(v)|+O(l̂g |σ (v)|+ l̂ga+ l̂g |µ−(v)|) by (1)

⩽ logω(G)− logω(v) + g1(n) +O(a+ loglogn) .

Adjacency testing: We now describe the adjacency tester A′. Given the labels µ(v) =
⟨σ (v), c(v),µ−(v)⟩ and µ(w) = ⟨σ (w), c(w),µ−(w)⟩ for two vertices v and w of G, A′ works as
follows. First by checking the values of σ (v) and σ (w) we check if v and/or w lie in X. If at
least one of them, say v, is in X, then v = ui for some i ∈ [b] and σ (v) encodes the value of
i. In this case, we set A′(µ(v),µ(w)) to be the i-th bit of c(w). If neither v nor w is in X, then
A′(µ(v),µ(w)) = A(µ−(v),µ−(w)).
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The clique label µ(K): For each clique K in G+, let c(K) be a b-bit string whose i-th bit
indicates if ui ∈ K . For each clique K in G+, define

µ(K) :=

⟨c(K)⟩ if K ⊆ X,

⟨c(K),µ−(K −X)⟩ otherwise.

To see that µ is injective when restricted to cliques, consider two distinct cliques K and
L in G+. If K ∩X , L∩X, then c(K) , c(L), so µ(K) , µ(L) because their first parts differ.
Otherwise, K \X , L \X. If one is empty, say K ⊆ X, then µ(K) has one part while µ(L)
has two parts, so µ(K) , µ(L). If both are non-empty, then µ−(K −X) , µ−(L−X) since µ− is
injective on cliques of G+ −X, which implies µ(K) , µ(L).

If K ⊈ X, then

b+ |µ−(K −X)|⩽ logω(G)− logmin
v∈K

(ω(v)) + g3(n− |X |) + a by (4)

⩽ logn+ 2 + g3(n) + a since ω is nice

∈O(a) +O(logn) ,

and therefore

|µ(K)|⩽ |µ−(K −X)|+ b+O(l̂g |µ−(K −X)|+ l̂gb) by (1)

⩽ logω(G)− logmin
v∈K

(ω(v)) + g3(n) +O(a+ loglogn) .

If K ⊆ X, then |µ(K)|⩽ b+O(l̂gb), which easily satisfies the same bound.

The local identifier κ(K,u): For each clique K in G+ and each u ∈ K , define

κ(K,u) :=

0,κ−(K −X,u) if u < X,

1,σ (u) if u ∈ X.

Note that κ(K,u) is a concatenation, so it does not incur the encoding cost from (1). Thus,

|κ(K,u)|⩽ 1 + max{g2(n),⌈log(a+ 1)⌉}⩽ g2(n) +O(loga) .

Identity testing: We now describe the identity tester I ′. Given µ(K), κ(K,u), and µ(v) for
some clique K in G+, u ∈ K , and v ∈ V (G), we compute I ′(µ(K),κ(K,u),µ(v)) as follows.
First by examining σ (v) and the first bit of κ(K,u), the tester determines whether v ∈ X
and whether u ∈ X. If u,v ∈ X, then I ′(µ(K),κ(K,u),µ(v)) = 1 if κ(K,u) = 1,σ (v), and
I ′(µ(K),κ(K,u),µ(v)) = 0 otherwise. If u,v < X, then since u ∈ K we have that K ⊈ X, which
means µ(K) has a second part µ−(K − X). The tester extracts this second part and sets
I ′(µ(K),κ(K,u),µ(v)) = I(µ−(K −X),κ−(K −X,u),µ−(v)). Otherwise, one of u or v is in X and
the other is not, so u , v and we set I ′(µ(K),κ(K,u),µ(v)) = 0.

3.2 Disjoint Unions of Graphs

Lemma 14. Let G be a class of graphs that admits a weighted (g1, g2, g3) mixed labelling scheme,
where gi : N → R+ is a non-decreasing function with gi(n) ∈ O(logn) for each i ∈ [3]. Let
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G′ be the class of graphs that can be formed by taking the union of a finite number of pairwise
vertex-disjoint graphs in G. Then G′ admits a weighted (g ′1, g2, g

′
3) mixed labelling scheme, where

g ′1(n) = g1(n) +O(loglogn) ,

g ′3(n) = g3(n) +O(loglogn) .

Proof. By Lemma 12 it is enough to show that G′ admits a weak weighted (g ′1, g2, g
′
3) mixed

labelling scheme. We will describe an adjacency tester A′ and an identity tester I ′ for
which we can construct a mixed labelling (µ,κ) for any (G+,G,ω) where G+ ∈ G′, G is a
spanning subgraph of G+, and ω : V (G) → N+ is a nice weight function. Since it is not
possible to describe A′ and I ′ without knowing the contents of the labels, we first describe
how to compute µ and κ for a particular (G+,G,ω).

Let G+ be an n-vertex graph in G′, let G be a spanning subgraph of G+, and let ω :
V (G)→ N+ be a nice weight function. Thus, for each v ∈ V (G),

logω(G)− logω(v) ⩽ logn+ 2 . (5)

By definition, G+ :=
⋃m
i=1G

+
i , where G+

1 , . . . ,G
+
m are pairwise vertex-disjoint members of

G. Therefore, G :=
⋃m
i=1Gi , where Gi := G[V (G+

i )] is a spanning subgraph of G+
i for each

i ∈ [m].

The subgraph label ρ(x): Let ψ : [m] → N+ be the weight function defined by ψ(i) :=
ω(Gi) and observe that ψ([m]) = ω(G) since G1, . . . ,Gm are pairwise vertex-disjoint. Apply
Corollary 8 to the set [m] with weight function ψ to obtain a prefix-free code ρ : [m] →
{0,1}∗ such that for each i ∈ [m],

|ρ(i)|⩽ logω(G)− logω(Gi) + 3 . (6)

For each i ∈ [m] and each vertex v of Gi , define ρ(v) := ρ(i). For each i ∈ [m] and each clique
K of G+

i , define ρ(K) := ρ(i).

The sub-label µi(x): Let (A,I) be the pair of adjacency and identity testers for a weighted
(g1, g2, g3) mixed labelling scheme of G. For each i ∈ [m], let (µi ,κi) be a mixed labelling of
(G+

i ,Gi ,ω|V (Gi )) for (A,I). Thus, for each i ∈ [m] and each v ∈ V (Gi),

|µi(v)|⩽ logω(Gi)− logω(v) + g1(|V (Gi)|)
⩽ logω(Gi)− logω(v) + g1(n)

(7)

and for each clique K in G+
i ,

|µi(K)|⩽ logω(Gi)− logmin
v∈K

(ω(v)) + g3(|V (Gi)|)

⩽ logω(Gi)− logmin
v∈K

(ω(v)) + g3(n).
(8)

For each i ∈ [m], and each vertex v of Gi , define µ′(v) := µi(v). For each i ∈ [m], and each
clique K of G+

i , define µ′(K) := µi(K).
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The vertex label µ(v): Let A and I denote the adjacency and identity testers, respec-
tively, for the weighted (g1, g2, g3) mixed labelling scheme of G. For each i ∈ [m] and each
v ∈ V (Gi), define

µ(v) := ⟨ρ(v),µ′(v)⟩ ;

thus

|ρ(v)|+ |µi(v)|⩽ logω(G)− logω(v) + 3 + g1(n) by (6) and (7),

⩽ logn+ 5 + g1(n) = O(logn) by (5),

and therefore

|µ(v)|⩽ |ρ(v)|+ |µ′(v)|+O(l̂g |ρ(v)|+ l̂g |µ′(v)|) by (1)

⩽ logω(G)− logω(v) + g1(n) +O(loglogn) .

Adjacency testing: We now define an adjacency tester A′. Given the labels µ(v) =
⟨ρ(v),µ′(v)⟩ and µ(w) = ⟨ρ(w),µ′(w)⟩ for two vertices v,w ∈ V (G), we compute A′(µ(v),µ(w))
as follows. First A′ verifies if ρ(v) = ρ(w). If ρ(v) , ρ(w), then v and w lie in differ-
ent components of G, so they cannot be adjacent in G, and we set A′(µ(v),µ(w)) := 0. If
ρ(v) = ρ(w), then v and w are both contained in the graph Gi , for some i ∈ [m]. In this
case µ(v) = ⟨ρ(i),µ′(v)⟩, and µ(w) = ⟨ρ(i),µ′(w)⟩. In this case, we simply set A′(µ(v),µ(w)) :=
A(µ′(v),µ′(w)).

The clique label µ(K): For each i ∈ [m] and each clique K in G+
i , define

µ(K) := ⟨ρ(K),µ′(K)⟩ ;

To see that µ is injective when restricted to cliques, consider two distinct cliques K and
L in G+. Since G+ is the disjoint union of G+

1 , . . . ,G
+
m, each clique is contained in exactly

one component. If K and L are in different components G+
i and G+

j , then ρ(K) = ρ(i) ,
ρ(j) = ρ(L) since ρ is a prefix-free code, so µ(K) , µ(L). If they are in the same component
G+
i , then µ′(K) = µi(K) , µi(L) = µ′(L) since µi is injective on cliques of G+

i , which implies
µ(K) , µ(L).

Thus,

|ρ(K)|+ |µ′(K)|⩽ logω(G)− logmin
v∈K

(ω(v)) + 3 + g3(n)

⩽ logn+ 5 + g3(n) = O(logn)

and therefore

|µ(K)|⩽ |ρ(K)|+ |µ′(K)|+O(l̂g |ρ(K)|+ l̂g |µ′(K)|) by (1)

⩽ logω(G)− logmin
v∈K

(ω(v)) + g3(n) +O(loglogn) .

The local identifier κ(K,u): Define κ(K,u) := κi(K,u) for each i ∈ [m], each clique K in
G+
i , and each u ∈ K . In particular,

|κ(K,u)|⩽ g2(n).
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Identity testing: Define an identity tester I ′ as follows. Given µ(K), κ(K,u), and µ(v) for
some clique K in G+, some u ∈ K , and some v ∈ V (G), we compute I ′(µ(K),κ(K,u),µ(v)) as
follows. If ρ(K) , ρ(v), then K and v lie in different components of G, so v < K , and we set
I ′(µ(K),κ(K,u),µ(v)) := 0. If ρ(K) = ρ(v), then K and v are contained in the same graph Gi
for some i ∈ [m]. In this case, µ(K) = ⟨ρ(i),µ′(K)⟩, µ(v) = ⟨ρ(i),µ′(v)⟩, and κ(K,u) = κi(K,u).
In this case, we simply set I ′(µ(K),κ(K,u),µ(v)) := I(µ′(K),κ(K,u),µ′(v)).

3.3 Graphs with Skinny Tree-Decompositions

Lemma 15. Let G be a hereditary class of graphs closed under taking disjoint union. Let k : N→
N+ and b : N→ R+ be functions with k(n) ∈ O(logn) and with b(n) > 1 for all n. Let G′ be the
class of graphs consisting of, for each n ∈ N, every n-vertex graph G with a rooted b(n)-skinny
tree-decomposition of adhesion-width at most k(n) in which each torso is a member of G. Let
gi : N → R be a non-decreasing function with gi(n) ∈ O(logn) for each i ∈ [3]. Suppose that
G admits a weighted (g1, g2, g3) mixed labelling scheme. Then G′ admits a weighted (g ′1, g

′
2, g
′
3)

mixed labelling scheme, where

g ′1(n) = g1(n) +O(k(n) logb(n) + k(n) loglogn) ,

g ′2(n) = g2(n) +O(logb(n) + loglogn) ,

g ′3(n) = g3(n) +O(k(n) + loglogn) .

Proof. By Lemma 12 it is enough to show that G′ admits a weak weighted (g ′1, g
′
2, g
′
3) mixed

labelling scheme. We will describe an adjacency tester A′ and an identity tester I ′ for
which we can construct a mixed labelling (µ,κ) for any (G+,G,ω) where G+ ∈ G′, G is a
spanning subgraph of G+, and ω : V (G) → N+ is a nice weight function. Since it is not
possible to describe A′ and I ′ without knowing the contents of the labels, we first describe
how to compute µ and κ for a particular (G+,G,ω).

Let G+ be an n-vertex graph in G′, let G be a spanning subgraph of G+, and let ω :
V (G)→ N+ be a nice weight function. By definition, G+ has a b-skinny tree-decomposition
T := (T , (Bx | x ∈ V (T ))) in which each torso belongs to G and each adhesion has size at
most k, for integers b = ⌊b(n)⌋ and k = k(n). Note that b,k ⩾ 1.

Let p := height(T ) + 1. For each i ∈ [p], let Bi :=
⋃
x∈Li (T )Bx. Then P := (B1, . . . ,Bp) is a

path-decomposition of G in which each adhesion has size at most bk. Let A1 := ∅ and, for
each i ∈ {2, . . . ,p}, let Ai := Bi ∩Bi−1.

Let

G⋆ := ∪{G+⟨T ,Bx⟩ | x ∈ V (T )} ,

and for each i ∈ [p], let

G⋆i := G⋆[Bi]−Ai ,
Gi := G[Bi]−Ai .

Note that for each i ∈ [p] and each x ∈ Li(T ), G⟨T ,Bx⟩ ∈ G (by definition), and also since G
is hereditary, G⋆[Bx] ∈ G. Since G is closed under disjoint union, G⋆i ∈ G.
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The layer label ρ: Define the weight function ψ : [p] → N+ by ψ(i) := ω(Gi). Since
{Bi \ Ai | i ∈ [p]} is a partition of V (G), we have that ψ([p]) =

∑
i∈[p]ψ(i) = ω(G). Apply

Lemma 7 and Corollary 8 to the set [p] with weight function ψ, and let Tψ and ρ : [p]→
{0,1}∗ be the resulting binary tree and code, respectively. For each i ∈ [p] and each v ∈ Gi ,
define ρ(v) := ρ(i), so

|ρ(v)|⩽ logψ([p])− logψ(i) + 3 = logω(G)− logω(Gi) + 3 . (9)

Also

height(Tψ) ⩽ logω(G)− logω(Gi) + 3

∈O(logn) .
(10)

Let (A,I) be the pair of adjacency and identity testers for a weighted (g1, g2, g3) mixed
labelling scheme of G. For each i ∈ [p] let (µi ,κi) be a mixed labelling of (G⋆i ,Gi ,ω|V (Gi )) for
(A,I). For each i ∈ [p], each v ∈ V (Gi), and each clique K in G⋆i ,

|µi(v)|⩽ logω(Gi)− logω(v) + g1(n) , (11)

|µi(K)|⩽ logω(Gi)− logmin
v∈K

(ω(v)) + g3(n) , (12)

and for each u ∈ K ,

|κi(K,u)|⩽ g2(n) . (13)

For each i ∈ [p] and each v ∈ Bi \Ai , let

µ′(v) := µi(v).

The adhesion identifier β(v) = (d(v),ϕ(v)): For each vertex v in G, let

a(v) := min{i ∈ [p] | v ∈ Bi} ,
b(v) := max{i ∈ [p] | v ∈ Bi} ,

lca(v) := lca(Tψ , {a(v),b(v)}) ,
d(v) := depthTψ (lca(v)) .

Let C :=
⋃
i∈[p]Ai be the set of vertices of G that participate in adhesions. Let x be a

node in Tψ. Define Lx := {v ∈ C | lca(v) = x}. We claim that |Lx| ⩽ bk. In order to prove
this, consider a vertex v ∈ C such that lca(v) = x. Since v ∈ C, we have that a(v) < b(v),
so lca(v) = x must have two children in Tψ. Consider the largest leaf i in the subtree of
the left child of x in Tψ and the smallest leaf j in the subtree of the right child of x in Tψ.
Then, j = i + 1, and a(v) ⩽ i < i + 1 ⩽ b(v). Therefore, v ∈ Bi ∩ Bi+1. We conclude that
|Lx|⩽ |Bi ∩Bi+1|⩽ bk, as desired.

For each node x in Tψ, defineϕx : Lx→ [bk] to be an arbitrary injective function (which
exists because |Lx|⩽ bk). Now, define ϕ : C→ [bk] so that ϕ(v) := ϕlca(v)(v) for each v ∈ C.
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For each v ∈ V (G), let

β(v) :=

⟨d(v),ϕ(v)⟩ if v ∈ C,

⟨ε⟩ if v < C.

Clearly,

|bin(d(v))|+ |bin(ϕ(v))|⩽ ⌈log(height(Tψ) + 1)⌉+ ⌈log(bk + 1)⌉
∈O(loglogn+ log(bk)) by (10) (14)

=O(loglogn+ logb), since k(n) ∈O(logn) (15)

and

|β(v)|⩽ |bin(d(v))|+ |bin(ϕ(v))|+O(1) +O(l̂g |bin(d(v))|+ l̂g |bin(ϕ(v))|) by (1)

=O(loglogn+ logb) .

Finally, for each i ∈ [p] and each w ∈ V (Gi), let

α(w) := ⟨β(v) | v ∈NG(w)∩Ai⟩ .

Note that |NG(w)∩Ai |⩽ k; indeed, ifw ∈ Bx with x ∈ V (T ) and y is the parent of x in T , then
NG(w)∩Ai ⊆ Bx ∩By , and |Bx ∩By |⩽ k since T has adhesion-width at most k. Therefore,

|α(w)|⩽
∑
v∈NG(w)∩Ai |β(v)|+O(l̂g |NG(w)∩Ai |) +O(

∑
v∈NG(w)∩Ai l̂g |β(v)|)

∈O(k loglogn+ k logb) ,
(16)

which follows by (1) and (14).

The vertex label µ(v): For each v ∈ V (G), define

µ(v) := ⟨ρ(v) , µ′(v) , α(v) , β(v)⟩ .

For each v ∈ V (G),

|ρ(v)|+ |µ′(v)|⩽ logω(G)− logω(v) + g1(n) + 3 by (9) and (11) (17)

∈O(logn) , since ω is nice and g1 ∈O(logn). (18)

Therefore, for each v ∈ V (G), (17), (16), and (14) imply

|ρ(v)|+ |µ′(v)|+ |α(v)|+ |β(v)|⩽ logω(G)− logω(v) + g1(n) +O(k loglogn+ k log(bk))

∈O(logn+ k loglogn+ k logb) ,

and

|µ(v)|⩽ |ρ(v)|+ |µ′(v)|+ |α(v)|+ |β(v)|+O(l̂g |ρ(v)|+ l̂g |µ′(v)|+ l̂g |α(v)|+ l̂g |β(v)|)
⩽ logω(G)− logω(v) + g1(n) +O(k loglogn+ k logb) .

Thus, µ satisfies the condition on g ′1(n).

24



Adjacency Testing: Now that the vertex labels are defined, we can describe the ad-
jacency testing function A′. Given the labels µ(v) = ⟨ρ(v),µ′(v),α(v),β(v)⟩ and µ(w) =
⟨ρ(w),µ′(w),α(w),β(w)⟩ for two vertices v and w of G, the adjacency tester A′ works as
follows. First, the tester compares ρ(v) and ρ(w):

• If ρ(v) = ρ(w) then v and w are both vertices of Gi , for some i ∈ [p], and vw ∈
E(G) if and only if vw ∈ E(Gi). In this case, we set A′(µ(v),µ(w)) = A(µ′(v),µ′(w)) =
A(µi(v),µi(w)).

• If ρ(v) , ρ(w) then assume without loss of generality that ρ(v) is lexicographically
less than ρ(w). In this case v ∈ V (Gi) and w ∈ V (Gj ) for i = a(v) < a(w) = j. The edge
vw can only be present in G if v ∈ Aj . First the tester checks whether β(v) is not
empty to see if v ∈ C. If β(v) = ⟨ε⟩, then v < C, and v < Aj , so A′(µ(v),µ(w)) = 0.

Otherwise, β(v) = ⟨d(v),ϕ(v)⟩. Then the length-d(v) prefix of ρ(v) defines the path
from the root of Tψ to lca(v). By definition, lca(v) is a Tψ-ancestor of all integers
in [a(v),b(v)]. In this case, the tester checks if ρ(v) and ρ(w) have the same pre-
fix of length d(v). If they do not, then lca(v) is not a Tψ-ancestor of j = a(w), so
j < [a(v),b(v)]. Therefore, v < Bj , which implies v < Aj . Therefore vw < E(G), so
A′(µ(v),µ(w)) = 0.

Suppose that ρ(v) and ρ(w) have the same prefix of length d(v). Then j ∈ [a(v),b(v)]
and v ∈ Aj . In this case the tester inspects each item of α(w). Let (d0,ϕ0) be such
an item and say that (d(u0),ϕ(u0)) = (d0,ϕ0) for u0 ∈ NG(w)∩Aj . Since u0 ∈ Aj , we
have that j ∈ [a(u0),b(u0)]. Therefore, both nodes lca(v) and lca(u0) are Tψ-ancestors
of j. In other words, both lca(v) and lca(u0) lie on the path from the root to j in Tψ.
Therefore, lca(v) = lca(u0) if and only if d(v) = d(u0). Furthermore, v = u0 if and only
if (d(v),ϕ(v)) = (d(u0),ϕ(u0)). Thus, if (d0,ϕ0) = (d(v),ϕ(v)) then the tester concludes
that the corresponding neighbour u0 = v, so A′(µ(v),µ(w)) = 1. Finally, if no item
(d0,ϕ0) in α(w) satisfies (d0,ϕ0) = (d(v),ϕ(v)), then v <NG(w)∩Aj so v and w are not
adjacent in G, and we set A′(µ(v),µ(w)) = 0.

The clique labels µ(K) and local identifiers κ(K,v): For each clique K in G⋆ , let

j(K) := min{j ∈ [p] : K ⊆ B1 ∪ · · · ∪Bj} .

Fix some clique K inG⋆ and let j = j(K). By the definition of j(K), we have that Bj∩K \Aj =
K \Aj is non-empty. Therefore K \Aj is assigned a label µj(K \Aj ) in the mixed labelling
of (G⋆j ,Gj ,ω|V (Gj )) for (A,I). Since K \Aj is non-empty, let v be an arbitrary vertex in K \Aj .
Let x = lca(v), so x ∈ Lj(T ) and v ∈ Bx \By , where y is the parent of x in T (if x is the root, let
By = ∅). Since the sets Bz \Bz′ are disjoint for all nodes z ∈ Lj(T ) with parent z′, the node x
is uniquely determined by K \Aj . Because K is a clique, K ⊆ Bx, and thus K ∩Aj ⊆ Bx∩By .
Since T has adhesion-width at most k, |Bx ∩By | ⩽ k. Let c(K) be a k-bit string whose i-th
bit indicates whether the i-th vertex of Bx ∩By (ordered canonically, for example by their
β values) belongs to K . Define the clique label

µ(K) := ⟨ρ(j),µj(K \Aj ), c(K)⟩ .
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To see that µ is injective when restricted to cliques, consider two distinct cliques K and L
in G⋆ . If j(K) , j(L), their first parts differ since ρ is a prefix-free code. If j(K) = j(L) = j,
then either K \Aj , L\Aj or K ∩Aj , L∩Aj . In the former case, µj(K \Aj ) , µj(L\Aj ) since
µj is injective on cliques of G⋆j . In the latter case, K \Aj = L \Aj implies they belong to the
same bag Bx, so c(K) , c(L). Thus µ(K) , µ(L).

Then

|ρ(j)|+ |µj(K \Aj )|+ |c(K)|⩽ logω(G)− log min
v∈K\Aj

(ω(v)) + g3(n) + 3 + k by (12) (19)

⩽ logω(G)− logmin
v∈K

(ω(v)) + g3(n) + k + 3 (20)

∈O(logn) (21)

since ω is nice, g3(n) ∈O(logn), and k ∈O(logn). Thus

|µ(K)|⩽ |ρ(j)|+ |µj(K \Aj )|+ |c(K)|+O(l̂g |ρ(j)|+ l̂g |µj(K \Aj )|+ l̂g |c(K)|)
⩽ logω(G)− logmin

v∈K
(ω(v)) + g3(n) +O(k + loglogn) by (20) and (21) .

Thus, µ satisfies the condition on g ′3(n).

Recall that the local identifier κj(K \ Aj ,u) is defined for each u ∈ K \ Aj . For each
u ∈ K , define

κ(K,u) :=

⟨0,κj(K \Aj ,u)⟩ if u ∈ Bj \Aj
⟨1,β(u)⟩ if u ∈ Aj .

In the first case, |κ(K,u)| ⩽ g2(n) +O(loglogn). In the second case, |κ(K,u)| ∈ O(log(b) +
loglogn). Thus, κ satisfies the requirements for g ′2(n).

Identity Testing: We now describe the identity testing function I ′. Suppose I ′ is given
the labels µ(K), κ(K,u), and µ(v) = ⟨ρ(v),µ′(v),α(v),β(v)⟩ for some clique K in G⋆ , some
u ∈ K , and some v ∈ V (G). The label µ(K) always has the form ⟨ρ(j),µj(K \Aj ), c(K)⟩ where
j = j(K). The identity tester I ′ simply ignores the third part of µ(K) and extracts ρ(j) and
µj(K \Aj ). The identity tester I ′ first compares ρ(j) and ρ(v) = ρ(a(v)).

• If ρ(j) is lexicographically smaller than ρ(a(v)), then j < a(v). Since K ⊆
⋃j
i=1Bi and

v < Bj ′ for any j ′ < a(v), this implies that v < K . Therefore v , u, since u ∈ K . In this
case I ′(µ(K),κ(K,u),µ(v)) := 0.

• If ρ(j) = ρ(a(v)) then K \Aj is a clique in G⋆j and v ∈ Bj \Aj . In this case, v can only be
equal to u if u ∈ K \Aj . The first part b of κ(K,u) is a single bit that indicates if u ∈
K \Aj . If b = 1 then u < K \Aj , so I ′(µ(K),κ(K,u),µ(v)) := 0. If b = 0 then u ∈ K \Aj and
κ(K,u) = ⟨0,κj(K\Aj ,u)⟩. In this case, µ′(v) = µj(v) and we set I ′(µ(K),κ(K,u),µ(v)) :=
I(µj(K \Aj ),κj(K \Aj ,u),µj(v)).

• If ρ(j) is lexicographically larger than ρ(a(v)) then K \Aj is a clique in G⋆j and v ∈
Bi\Ai for some i = a(v) < j. The tester examines the first part b of κ(K,u) to determine
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if u ∈ K\Aj . If b = 0 then u ∈ Bj\Aj and v ∈ Bi\Ai , so u , v and I ′(µ(K),κ(K,u),µ(v)) :=
0. If b = 1 then u ∈ Aj and κ(K,u) = ⟨1,β(u)⟩. Since u ∈ Aj , a(u) < j ⩽ b(u).

In particular, u ∈ Aj , so lca(u) is a Tψ-ancestor of j. Therefore, the first d(u) bits of
ρ(j) are equal to the first d(u) bits of ρ(u). The first d(u) bits of ρ(u) describe the path
from the root of Tψ to lca(u). The tester then compares the first d(u) bits of ρ(j) to
the first d(u) bits of ρ(v). If these are not equal, then lca(u) , lca(v), so u , v and
I ′(µ(K),κ(K,u),µ(v)) := 0.

Since u ∈ Aj , we have that u ∈ C. The tester examines β(v) to determine if v ∈ C.
If β(v) = ⟨ε⟩ then v < C, so u , v and I ′(µ(K),κ(K,u),µ(v)) := 0. Otherwise v ∈ C
and β(v) = ⟨d(v),ϕ(v)⟩. Since we have already verified that the first d(u) bits of ρ(j)
equal the first d(u) bits of ρ(v), we have that lca(u) = lca(v) if and only if d(u) = d(v).
Thus, v = u if and only if (d(u),ϕ(u)) = (d(v),ϕ(v)). We set I ′(µ(K),κ(K,u),µ(v)) = 1
if (d(u),ϕ(u)) = (d(v),ϕ(v)) and I ′(µ(K),κ(K,u),µ(v)) = 0 otherwise.

3.4 Graphs with Short Tree-Decompositions

Lemma 16. Let G be a hereditary class of graphs closed under taking disjoint union. Let k :
N → N+, h : N → R be functions with k(n),h(n) ∈ O(logn) and with h(n) > 0 for all n. Let
G′ be the class of graphs consisting of, for each n ∈ N, every n-vertex graph G with a rooted
tree-decomposition T := (T , (Bx | x ∈ V (T ))) such that

(i) T has adhesion-width at most k(n);
(ii) height(T ) ⩽ h(n);

(iii) for each node x in T , the torso G⟨T ,Bx⟩ belongs to G.

Let gi : N→ R+ be a non-decreasing function with gi ∈ O(logn) for each i ∈ [3]. Suppose that
G admits a weighted (g1, g2, g3) mixed labelling scheme. Then G′ admits a weighted (g ′1, g

′
2, g
′
3)

mixed labelling scheme, where

g ′1(n) = g1(n) + k(n) · (g2(n) +O(loglogn)) + h(n) · (g3(n) +O(loglogn)) +O(loglogn) ,

g ′2(n) = g2(n) +O(loglogn) ,

g ′3(n) = (h(n) + 1) · (g3(n) +O(k(n) + loglogn)) .

Proof. We will describe an adjacency tester A′ and an identity tester I ′ for which we can
construct a mixed labelling (µ,κ) for any (G+,G,ω) where G+ ∈ G′, G is a spanning sub-
graph of G+, and ω : V (G)→ R+ is a weight function. Since it is not possible to describe A′

and I ′ without knowing the contents of the labels, we first describe how to compute µ and
κ for a particular input tuple.

The proof is by induction on a slightly more detailed statement. An instance is a tuple
(n,h,k,G+,G,ω,F ) with the following properties: n is an integer, h⩽ h(n) is a non-negative
integer, k = k(n) is a positive integer, G+ ∈ G′ with n ⩾ |V (G+)|, G is a spanning subgraph
of G+, ω : V (G)→ N+ is a weight function with

logω(G)− logω(v) ⩽ n+ 2, (22)

for each v ∈ V (G), and F := (F, (Bx | x ∈ V (F))) is a rooted tidy forest-decomposition of G+

having adhesion-width at most k = k(n) and with F of height at most h.
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Let (n,h,k,G+,G,ω,F ) be an instance. For each y ∈ V (F), let

Ay :=

∅ if y is a root in F,

By ∩Bx if y is not a root in F and x is the F-parent of y.

We prove by an induction on h that there is a (g ′1, g
′
2, g
′
3) mixed labelling (µ,κ) of (G+,G,ω)

for (A′ , I ′) satisfying the following additional properties: for each z ∈ V (F) and each w ∈
Bz \Az,

|µ(w)|⩽ logω(G)− logω(w) + g1(n)

+ |Az| · (g2(n) +O(loglogn)) (23)

+ h · (g3(n) +O(loglogn)) +O(loglogn) ,

and for each clique K of G+,

|µ(K)|⩽ logω(G)− logmin
v∈K

(ω(v)) + (h+ 1) · (g3(n) +O(k + loglogn)) . (24)

Given an integer n, an n-vertex graph G+ ∈ G′, a spanning subgraph G of G+, and a weight
function ω : V (G)→ R+, let T = (T , (Bx | x ∈ V (T ))) be a rooted tree-decomposition of G+

of adhesion-width at most k(n) and with height(T ) ⩽ h(n) and such that each torso of T
is in G. Let F0 := (F, (Bx | x ∈ V (F))) be a rooted tidy forest-decomposition of G+ (obtained
by applying Observation 5 to T ). Let (n0,h0, k0,G

+,G,ω0,F0) be an instance where n0 :=
n = |V (G)|, h0 := h(n), k0 := k(n), ω0 : V (G) → N+ is a nice weight function obtained by
applying Observation 6 toω, F0 is a rooted tidy forest-decomposition obtained by applying
Observation 5 to T . (The definition ofω0 satisfies (22), by Observation 6.) By our inductive
statement we obtain labelling functions (µ,κ) for (A′ , I ′). The labels lengths are bounded
in terms ofω0 which is enough because logω0(G)−logω0(v) ⩽ logω(G)−logω(v)+2, which
follows from Observation 6. This will complete the proof of the lemma.

We now begin the inductive proof. Let (n,h,k,G+,G,ω,F ) be an instance, where F :=
(F, (Bx | x ∈ V (F))). Let (A,I) be the pair of adjacency and identity testers for a weighted
(g1, g2, g3) mixed labelling scheme of G. Let

G⋆ := ∪{G+⟨F ,Bz⟩ | z ∈ V (F)} .

By definition, F is a forest-decomposition of G⋆ . By the assumptions of the lemma,

G⋆[Bz] = G+⟨F ,Bz⟩ ∈ G , (25)

for each z ∈ V (F). Our labelling µ will assign a label µ(v) to each vertex v of G⋆ and a label
µ(K) to each clique K of G⋆ . Since G⋆ is a supergraph of G+, this ensures that µ assigns a
label to each vertex and clique of G+.

The root labelling µR: Let R be the set of roots of F. Let

BR := ∪{Br | r ∈ R} .
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Since F is tidy, each bag of F is non-empty, so BR , ∅. Let

G⋆R := G⋆[BR] ,

GR := G[BR] .

Observe that G⋆R ∈ G, since the sets in {Br | r ∈ R} are pairwise disjoint, G⋆[Br ] ∈ G (by (25))
for each r ∈ R, and G is closed under disjoint union. Let

KR := {By ∩BR | y ∈ L2(F)} .

Note that if h = 0 then KR is empty. Since F is tidy, each K in KR is nonempty. Note also
that each K in KR is a clique in G⋆R. For each K in KR, let

FK := ∪{Fy | y ∈ L2(F) and By ∩BR = K} ,
GK := ∪{G[Bz] | z ∈ V (FK )} −BR .

Note that for each K ∈ KR, since F is tidy, GK has at least one vertex. Thus, the family of
sets {{BR}} ∪ {V (GK ) | K ∈ KR} is a partition of vertices of G.

For each v ∈ BR, let

δ(v) := k ·ω(v) +
∑
{ω(GK ) | K ∈ KR, v ∈ K} .

Since k ⩾ 1, δ(v) ⩾ω(v) ⩾ 1 for each v ∈ BR. Clearly, for each v ∈ BR,

δ(v) ⩾ k ·ω(v) . (26)

Note also that for each K ∈ KR and for each v ∈ K , we have that δ(v) ⩾ω(GK ), and therefore
(recalling that K is non-empty)

min
v∈K

δ(v) ⩾ω(GK ) . (27)

Since BR , ∅, we have that δ(BR) ⩾ 1. Since F has adhesion-width at most k, each clique in
KR has size at most k, so

δ(BR) =
∑
v∈BR

δ(v) ⩽ k ·ω(BR) + k
∑
K∈KR

ω(GK ) = k ·ω(G) . (28)

The cliques of G⋆R in KR play an important role in our labelling scheme. Each clique
in KR is defined by an adhesion Ay = Br ∩By for at least one y ∈ L2(F). The label µR(K) for
a clique K ∈ KR will be used a part of the label µ(v) for each vertex v in GR and as part of
the label µ(K ′) for each clique K ′ of G⋆ that contains vertices in GR.

Altogether, G⋆R ∈ G, GR is a spanning subgraph of G⋆R, δ : V (GR) → N+ is a weight
function. Let (µR,κR) be a mixed labelling of (G⋆R,GR,δ) for (A,I). For each v ∈ BR,

|µR(v)|⩽ logδ(BR)− logδ(v) + g1(|BR|)
⩽ log(k ·ω(G))− log(k ·ω(v)) + g1(n) by (28), (26), and since g1 is non-decreasing
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= logω(G)− logω(v) + g1(n) (29)

∈O(logn) by (22) and since g1(n) ∈O(logn). (30)

Let K be a clique in G⋆R. We make use of two different bounds on the length of µR(K).
If K ∈ KR:

|µR(K)|⩽ logδ(BR)− logmin
v∈K

(δ(v)) + g3(|BR|)

⩽ logω(G)− logω(GK ) + g3(n) + logk by (28), (27) and since g3 is non-decreasing
(31)

∈O(logn) by (22) and since g3(n), k(n) ∈O(logn).
(32)

For each K <KR,

|µR(K)|⩽ logδ(BR)− logmin
v∈K

(δ(v)) + g3(|BR|)

⩽ log(k ·ω(G))− logmin
v∈K

(k ·ω(v)) + g3(n) by (26), (28) and since g3 is non-decreasing

= logω(G)− logmin
v∈K

(ω(v)) + g3(n) (33)

∈O(logn) by (22) and since g3(n) ∈O(logn).
(34)

Moreover, for each clique K in G⋆R,

|κR(K,v)|⩽ g2(|BR|) ⩽ g2(n) ∈O(logn) , (35)

since g2 is non-decreasing.

The subforest labelling µK : Suppose that h⩾ 1. Thus, F−R is a non-empty rooted forest.
We now describe the subproblems on which we apply induction. For each z ∈ V (F −R), let
Cz := Bz \BR and note that

⋃
z∈V (FK )Cz = V (GK ).

Let K ∈ KR. Define

G⋆K := G⋆[
⋃
{Cz | z ∈ V (FK )}] ,

FK := (FK , (Cz | z ∈ V (FK ))) .

Thus, FK is a rooted tidy forest-decomposition of G⋆K of adhesion-width at most k and the
height of FK is at most h− 1. Since G is hereditary and by (25),

G⋆K⟨FK ,Cz⟩ = G⋆[Bz]−BR ⊆ G⋆[Bz] ∈ G ,

for every z ∈ V (FK ).

Altogether, FK is a rooted tidy forest-decomposition of G⋆K of adhesion-width at most
k and with height(FK ) ⩽ h− 1 and with each torso in G, GK is a spanning subgraph of G⋆K ,
and the restriction ω|V (GK ) of ω to the vertices of GK is a weight function that satisfies (22).
Thus, (n,h− 1, k,G⋆K ,GK ,ω|V (GK ),FK ) is an instance on which we can apply induction. Fix a

30



weighted (g ′1(n), g ′2(n), g ′3(n)) mixed labelling (µK ,κK ) of (G⋆K ,GK ,ω|V (GK )) for (A′ , I ′) that is
obtained from the inductive hypothesis. In addition to being a weighted (g ′1(n), g ′2(n), g ′3(n))
mixed labelling, (µK ,κK ) also satisfies (23). That is, for each z ∈ V (FK ) and each w ∈ Cz \Az,

|µK (w)|⩽ logω(GK )− logω(w) + g1(n)

+ |Az \BR| · (g2(n) +O(loglogn)) (36)

+ (h− 1) · (g3(n) +O(loglogn)) +O(loglogn) .

The vertex labelling µ : V (G)→ {0,1}∗: The format of a vertex label depends on whether
the vertex is in BR or not. For each v ∈ BR, define

µ(v) := ⟨µR(v)⟩ .

Thus, µ(v) has just one part and by (30) this part is of length in O(logn). Therefore, for
each v ∈ BR

|µ(v)|⩽ |µR(v)|+O(1) +O(l̂g |µR(v)|) by (1)

⩽ logω(G)− logω(v) + g1(n) +O(loglogn) by (29) and (30).

Thus, the length of µ(v) satisfies (23) when v ∈ BR.

Now, let w ∈ V (G) \BR. Then, w ∈ Bz \Az for some z ∈ V (FK ) and some K ∈ KR. Note
that the existence of w implies that h⩾ 1. Define

α(w) := ⟨κR(K,v) | v ∈ Az ∩K,vw ∈ E(G)⟩ ,
µ(w) := ⟨µR(K) , µK (w) , α(w)⟩ .

Thus,

|α(w)|⩽
∑
v∈Az∩K |κR(K,v)|+O(l̂g |Az ∩K |) +O(

∑
v∈Az∩K l̂g |κR(K,v)|) by (1)

⩽ |Az ∩K | · g2(n) +O(l̂gk) + |Az ∩K | ·O(l̂gg2(n)) by (35)

⩽ |Az ∩BR| · (g2(n) +O(loglogn)) +O(loglogn) ,

where the last line follows from Az ∩K = Az ∩BR and k(n), g2(n) ∈O(logn). Also,

|µR(K)|+ |µK (w)|⩽ logω(G)− logω(GK ) + g3(n) + logk by (31)

+ logω(GK )− logω(w) + g1(n) by (36)

+ |Az \BR| · (g2(n) +O(loglogn))

+ (h− 1) · g3(n) + h ·O(loglogn)

⩽ logω(G)− logω(w) + g1(n)

+ |Az \BR| · (g2(n) +O(loglogn))

+ h · (g3(n) +O(loglogn)) +O(loglogn) .

Altogether

|µR(K)|+ |µK (w)|+ |α(w)|⩽ logω(G)− logω(w) + g1(n)
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+ |Az| · (g2(n) +O(loglogn))

+ h · (g3(n) +O(loglogn)) +O(loglogn) .

Therefore,

|µ(w)| = |µR(K)|+ |µK (w)|+ |α(w)|+O(l̂g |µR(K)|+ l̂g |µK (w)|+ l̂g |α(w)|) by (1)

⩽ logω(G)− logω(w) + g1(n)

+ |Az| · (g2(n) +O(loglogn))

+ h · (g3(n) +O(loglogn)) +O(loglogn) .

Thus, the length of µ(w) satisfies (23) for each w ∈ V (G) \BR.

Adjacency Testing: At this point, µ(v) is defined for each v ∈ V (G), so we can describe
the operation of the adjacency tester A′. Given the labels µ(v) and µ(w) for two vertices v
and w of G, A′ examines how many parts each label has. For an arbitrary vertex u ∈ V (G),
if µ(u) has one part, then u ∈ BR, otherwise u ∈ V (GK ) for some K ∈ KR.

• If v and w are both in BR then µ(v) = ⟨µR(v)⟩ and µ(w) = ⟨µR(w)⟩. In this case,
vw ∈ E(G) if and only if vw ∈ E(GR), so the adjacency tester returns A′(µ(v),µ(w)) :=
A(µR(v),µR(w)).

• If exactly one of v or w is in BR then, assume without loss of generality that v ∈ BR
andw ∈ V (GK ) for some K ∈ KR. So µ(v) = ⟨µR(v)⟩ and µ(w) = ⟨µR(K),µK (w),α(w)⟩. In
this case, vw ∈ E(G) if and only if v ∈ K ∩NG(w). Thus, vw ∈ E(G) if and only if v ∈ K
and α(w) contains κR(K,v). In this case, the adjacency tester iterates through each κ
in α(w) checking if I(µR(K),κ,µR(v)) = 1. If so, then κ = κR(K,v) and vw ∈ E(G) so
A′(µ(v),µ(w)) := 1. If I(µR(K),κ,µR(v)) = 0 for every κ in α(w) then v < K ∩NG(w), so
vw < E(G), and A′(µ(v),µ(w)) := 0.

• Otherwise, v ∈ V (GK ) and w ∈ V (GL) for some K,L ∈ KR. In this case, µ(v) =
⟨µR(K),µK (v),α(v)⟩ and µ(w) = ⟨µR(L),µL(w),α(w)⟩. If µR(K) , µR(L) then K , L. In
this case, K (and L) separates v and w in G+, so vw < E(G) and A′(µ(v),µ(w)) := 0.
If µR(K) = µR(L) then, since µ is injective, K = L and v,w ∈ V (GK ). Therefore,
vw ∈ E(G) if and only if vw ∈ E(GK ), so the adjacency tester returns A′(µ(v),µ(w)) :=
A′(µK (v),µK (w)).

The clique label µ(K): What remains is to define µ(K) and κ(K,u) for each clique K of
G⋆ and each u ∈ K . For each clique K of G⋆ such that K ⊆ BR,

µ(K) := ⟨µR(K)⟩ .

Then for each clique K in G⋆ such that K ⊆ BR,

|µ(K)|⩽ |µR(K)|+O(1) +O(l̂g |µR(K)|) by (1)

⩽ logω(G)− logmin
v∈K

(ω(v)) + g3(n) +O(loglogn) by (33) and (34).
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Now, let K be a clique of G⋆ that contains at least one vertex not in BR. Then there exists
exactly one L ∈ KR such that all the vertices of K \BR are contained in GL. Then K \BR is a
clique in G⋆L, since G⋆L[K \BR] = G⋆[K \BR]. Thus, µL(K \BR) is defined. Since K is a clique
in G⋆ , K ∩ BR ⊆ L. Since L is the parent adhesion of some node in L2(F), |L| ⩽ k. Let c(K)
be a k-bit string whose i-th bit indicates whether the i-th vertex of L (ordered canonically,
for example by their µR(v) labels) belongs to K . Define

µ(K) := ⟨ µR(L), µL(K \BR), c(K) ⟩ .

We now argue that µ is injective on the set of cliques of G⋆ . Consider two distinct cliques
K and P of G⋆ . If K,P ⊆ BR, then µ(K) = ⟨µR(K)⟩ , ⟨µR(P )⟩ = µ(P ). If K ⊆ BR and P ⊈ BR,
then µ(K) has one part and µ(P ) has three parts, so µ(K) , µ(P ). Now suppose that K ⊈ BR
and P ⊈ BR. Thus K is contained in G⋆L and P is contained in G⋆M for some cliques L,M in
G⋆R. If L ,M then µR(L) , µR(M), so µ(K) differ in their first parts. Now assume that L =M.
If K ∩ L , P ∩ L then c(K) , c(P ), so µ(K) and µ(P ) differ in their third parts. Otherwise,
K \L , P \L, so µL(K \BR) and µL(P \BR) differ by induction, so µ(K) and µ(P ) differ in their
second parts.

Then,

|µ(K)| = |µR(L)|+ |µL(K \BR)|+ |c(K)|+O(1) +O(l̂g |µR(L)|+ l̂g |µL(K \BR)|+ l̂g |c(K)|) by (1)

⩽ |µR(L)|+ |µL(K \BR)|+ k +O(loglogn) ,

where the last line follows by (34) and by induction as |µL(K \ BR)| ⩽ logω(GL) −
logminv∈K\BRω(v) + h · (g3(n) +O(k + loglogn)) ∈ O(log2n), since h ⩽ h(n) ∈ O(logn), k ∈
O(logn), and g3(n) ∈O(logn). Continuing,

|µ(K)|⩽ |µR(L)|+ |µL(K \BR)|+ k +O(loglogn)

⩽ logω(G)− logω(GL) + g3(n) + |µL(K \BR)|+ k +O(loglogn) by (33)

⩽ logω(G)− log min
v∈K\BR

(ω(v)) + (h+ 1) · g3(n) + (h+ 1) · k + (h+ 1) ·O(loglogn)

⩽ logω(G)− logmin
v∈K

(ω(v)) + (h+ 1) · (g3(n) +O(k + loglogn)) .

Thus, µ satisfies (24) and thus the requirement for g ′3(n).

The local identifier κ(K,u): Let K be a clique in G⋆ , let u ∈ K , and let z be the vertex of
F such that u ∈ Bz \Az. The local identifier κ(K,u) for (A′ , I ′) has two parts,

κ(K,u) := ⟨depthF(z),ζ(K,u)⟩ .

The first part is (the binary encoding of) depthF(z). We now describe the second part,
ζ(K,u). If K ⊆ BR, then ζ(K,u) := κR(K,u). If K ⊈ BR then there is exactly one clique
L ∈ KR such that K \BR is contained in GL. If u ∈ BR then ζ(K,u) := κR(L,u). If u ∈ K \BR
then K \BR is non-empty, so µL(K \BR) and κL(K \BR,u) are defined as part of the mixed
labelling (µL,κL) of (G⋆L ,GL,ω|V (GL)) for (A′ , I ′). Since this is a labelling for (A′ , I ′) obtained
by induction,

κL(K \BR,u) = ⟨depthFL(z),ζL(K \BR,u)⟩ = ⟨depthF(z)− 1,ζL(K \BR,u)⟩ . (37)

33



In this case, define ζ(K,u) := ζL(K \BR,u).

It follows from this definition that ζ(K,u) is a local identifier κ′(K ′ ,u), with K ′ ⊆ K
for some mixed labelling (µ′ ,κ′) for (A,I) on a graph with at most n vertices. Therefore,
|ζ(K,u)|⩽ g2(n). Therefore,

|κ(K,u)|⩽ ⌈log(depthF(z) + 1)⌉+ |ζ(K,u)|+O(l̂g⌈log(depthF(z) + 1)⌉) +O(l̂g |ζ(K,u)|) by (1)

⩽ |ζ(K,u)|+O(loglogn)

⩽ g2(n) +O(loglogn) ,

since depthF(z) ⩽ h ⩽ h(n) ∈ O(logn) and |ζ(K,u)| ⩽ g2(n) ∈ O(logn). Thus, the length of
κ(K,u) satisfies the requirement for g ′2(n).

Identity Testing: We now describe the identity tester I ′ that takes µ(K), κ(K,u), and µ(v)
as input and outputs 1 if u = v or 0 if u , v. To do this, I ′ first examines µ(v) to determine if
v ∈ BR. If µ(v) has exactly one part, then v ∈ BR. Otherwise, µ(v) has three parts and v < BR.
In both cases, I ′ will make use of κ(K,u) = ⟨depthF(z),ζ(K,u)⟩, where z is the unique node
of F such that u ∈ Bz \Az.

• If v ∈ BR, then µ(v) = ⟨µR(v)⟩ and I ′ examines depthF(z) as follows.

– If depthF(z) > 0, then z < R and u ∈ Bz \Az ⊆ Bz \ BR. Since v ∈ BR and u < BR,
u , v. Thus, I ′(µ(K),κ(K,u),µ(v)) := 0.

– If depthF(z) = 0 then z ∈ R and u ∈ BR. There are now two possibilities that I ′

can distinguish by looking at the number of parts of µ(K).

∗ If µ(K) has one part then K ⊆ BR, µ(K) = ⟨µR(K)⟩, and ζ(K,u) = κR(K,u).
Therefore, I ′(µ(K),κ(K,u),µ(v)) := I(µR(K),κR(K,u),µR(v)).
∗ If µ(K) has three parts, then K ⊈ BR, µ(K) = ⟨µR(L),µL(K \ BR), c(K)⟩, and
ζ(K,u) = κR(L,u), where L is the unique clique in KR such that GL contains
K \ BR. Then K ∩ BR = K ∩ L, so u ∈ L. Therefore, I ′(µ(K),κ(K,u),µ(v)) :=
I(µR(L),κR(L,u),µR(v)).

• If v < BR then µ(v) = ⟨µR(L′),µL′ (v),α(v)⟩, where L′ is the unique clique in KR such
that v ∈ V (GL′ ).

– If depthF(z) = 0 then z ∈ R, u ∈ BR and v < BR, so I ′(µ(K),κ(K,u),µ(v)) := 0.

– If depthF(z) > 0 then u < BR. Since u ∈ K and u < BR, K ⊈ BR, so µ(K) =
⟨µR(L),µL(K \BR), c(K)⟩where L is the unique clique inKR such that GL contains
K \ BR. If µR(L′) , µR(L) then L , L′ and u , v since GL and GL′ are vertex-
disjoint, so I ′(µ(K),κ(K,u),µ(v)) := 0.
If µR(L) = µR(L′) then L = L′ since µR is injective. Since u ∈ K and u < BR, we
have that u ∈ K \BR, so K \BR is non-empty. Thus, ζ(K,u) = ζL(K \BR,u) and I ′

can compute the local identifier κL(K \BR,u) since, by (37),

κL(K \BR,u) = ⟨depthF(z)− 1,ζL(K \BR,u)⟩ .

In this case I ′(µ(K),κ(K,u),µ(v)) := I ′(µL(K \BR),κL(K \BR,u),µL(v)).
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3.5 Finalizing the Proof of Theorem 4

The following lemma proves Theorem 4, with quantitative bounds.

Lemma 17. Let G be a hereditary class of graphs closed under taking disjoint union. Let k ∈ N.
Let G′ be the class of graphs consisting of, for each n ∈ N, every n-vertex graph G that has
a tree-decomposition of adhesion-width at most k in which each torso is a member of G. Let
gi : N→ R+ be a non-decreasing function with gi ∈ O(logn) for each i ∈ [3]. Suppose that G
admits a weighted (g1, g2, g3) mixed labelling scheme. Then G′ admits a weighted (g ′′1 , g

′′
2 , g
′′
3 )

mixed labelling scheme, where

g ′′1 (n) = g1(n) +O(g2(n)) +O
(√
g3(n) logn

)
+O


√

logn
g3(n)

loglogn

 ,

g ′′2 (n) = g2(n) +O
(√
g3(n) logn

)
+O(loglogn) ,

g ′′3 (n) =O
(√
g3(n) logn

)
+O


√

logn
g3(n)

loglogn

 .

Proof. Let b,h : N→ R+ be functions defined by

b(n) := 2
√
g3(n) logn ,

h(n) := logb(n)n =

√
logn
g3(n)

.

Since g ′′1 (n), g ′′2 (n), and g ′′3 (n) all include asymptotic terms that increase without bound as
a function of n, we may assume that n⩾ 2 and g3(2) ⩾ 1. Therefore, b(n) ⩾ 2.

Let B be a class of graphs that contains, for each n ∈ N+, every n-vertex graph that has a
rooted b(n)-skinny forest-decomposition of adhesion-width at most k in which each torso
is a member of G. By Lemma 15, each graph in B admits a weighted (g ′1(n), g ′2(n), g ′3(n))
mixed labelling scheme, where

g ′1(n) = g1(n) +O(k logb(n) + k loglogn)

= g1(n) +O
(√
g3(n) logn

)
+O(loglogn) ,

g ′2(n) = g2(n) +O(logb(n) + loglogn)

= g2(n) +O
(√
g3(n) logn

)
+O(loglogn) ,

g ′3(n) = g3(n) +O(k + loglogn)

= g3(n) +O(loglogn) .

Let C be a class of graphs that contains, for each n ∈ N+, every n-vertex graph that has
a rooted forest-decomposition (F, (Cx)x∈V (F)) of adhesion-width at most k, with height(F) ⩽
h(n), and in which each torso is a member of B. By Lemma 16, C has a weighted
(g ′′1 (n), g ′′2 (n), g ′′3 (n)) mixed labelling scheme, where

g ′′1 (n) = g ′1(n) + k · (g ′2(n) +O(loglogn)) + h(n) · (g ′3(n) +O(loglogn)) +O(loglogn)
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= g1(n) +O
(√
g3(n) logn

)
+O(g2(n)) +O ((1 + h(n)) loglogn)

g ′′2 (n) = g ′2(n) +O(loglogn)

= g2(n) +O
(√
g3(n) logn

)
+O(loglogn)

g ′′3 (n) = (h(n) + 1) · (g ′3(n) +O(k + loglogn))

=O
(√
g3(n) logn

)
+ g3(n) +O ((1 + h(n)) loglogn)

=O
(√
g3(n) logn

)
+O ((1 + h(n)) loglogn) .

Substituting h(n) =
√

logn/g3(n) into the error terms yields the bounds in the lemma state-
ment.

Let G be an n-vertex graph in G′. Then G has a tree-decomposition T := (T , (Bx |
x ∈ V (T ))) of adhesion-width at most k and such that G⟨T ,Bx⟩ ∈ G for each x ∈ V (T ).
By Corollary 10, there is a tree-decomposition Q := (Q, (Dx | x ∈ V (Q))) of G such that
height(Q) ⩽ logb(n)n = h(n), Q has adhesion-width at most k, and such that each torso of
Q has a b(n)-skinny tree-decomposition whose torsos are in G. Therefore, all the torsos
of Q are in the class B and therefore G is in the class C. This completes the proof of the
lemma.

3.6 Proof of Theorem 1 with Explicit Bounds

We now prove our main result, Theorem 1, with an explicit lower order term.

Lemma 18. Every proper minor-closed graph class C admits a logn+O
(
(logn)3/4

)
-bit adjacency

labelling scheme.

Proof. We show that C admits a weighted (g1, g2, g3) mixed labelling scheme with g1(n) ∈
O((logn)3/4). By the definition of mixed labelling schemes, this implies that C admits an
f (n)-bit adjacency labelling scheme with f (n) ⩽ logn+O((logn)3/4).

Let k,a ⩾ 0 be integers given by Theorem 3 for the class C. So C ⊆ R+a
k . By Lemma 13

and Lemma 19,R+a
k admits a weighted (g ′1, g

′
2, g
′
3) mixed labelling scheme, where g ′1(n), g ′3(n) ∈

O(
√

logn) and g ′2(n) ∈O(loglogn).

LetQ consist of every graph that can be formed by the disjoint union of a finite number
of graphs in R+a

k . By Lemma 14, Q admits a weighted (g ′′1 , g
′′
2 , g
′′
3 ) mixed labelling scheme

with g ′′1 (n), g ′′3 (n) ∈ O(
√

logn) and g ′′2 (n) ∈ O(loglogn). By definition, Q is closed under
disjoint union. Also, by definition R+a

k ⊆ Q. Since R+a
k is hereditary, Q is hereditary.

Let Q′ be the class of graphs that have a tree-decomposition whose torsos are in Q.
The graphs in R+a

k have maximum clique size at most 2k + a + 2. So the graphs in Q also
have maximum clique size at most 2k + a+ 2. Since each adhesion of a tree-decomposition
is a clique in some torso, each graph in Q′ has a tree-decomposition of adhesion-width at
most 2k + a+ 2 whose torsos are in Q.

By Lemma 17, each graph in Q′ admits a weighted (g1, g2, g3) mixed labelling scheme
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with

g1(n) ∈ g ′′1 (n) +O

g ′′2 (n) +
√
g ′′3 (n) logn+

√
logn
g ′′3 (n)

loglogn

 =O((logn)3/4) .

Since R+a
k ⊆ Q, Theorem 3 implies that C ⊆ Q′. Therefore, C admits a weighted (g1, g2, g3)

mixed labelling scheme with g1(n) ∈O((logn)3/4).

4 Discussion

We conclude with a brief discussion about constants and computational complexity. The
constant a in Theorem 3 is surprisingly small. Suppose that some graph X is not in G,
where X −A is planar for some non-empty set A ⊆ V (X). Then Theorem 42 in [16] (which
employs the structure theorem of Dvořák and Thomas [18]) shows that Theorem 3 holds
with a = |A| −1. For example, if Kt is not in G, then Theorem 3 holds with a = max{t −5,0}.
Moreover, using the recent polynomial bounds in the Graph Minor Structure Theorem by
Gorsky, Seweryn, and Wiederrecht [25], in Theorem 3 one can obtain polynomial bounds
on k and a (as a function of the excluded minor). However, it is open whether one can
simultaneously get the above optimal bound on a and a polynomial bound on k. Gorsky
et al. [25, Conjecture 18.9] conjecture this is possible (also see the discussion in [26]).

We now explain why the proof of Theorem 1 is constructive and that there is a poly-
nomial time encoder. The only difficult part of this process is finding the decomposition
described by the Graph Minor Product Structure Theorem (Theorem 3). Dujmović et al.
[16] show how to obtain this decomposition in polynomial time, given the structural de-
composition in the original Robertson-Seymour Graph Minor Structure Theorem. Finding
the Robertson-Seymour decomposition is complicated, but polynomial time algorithms
exist [12, 25, 32, 33]. Together, these give the parameters k and a, the tree-decomposition
T := (T , (Bx : x ∈ V (T ))) of G and the embedding of each torso of T into a graph in R+a

k .
The adjacency labelling scheme in [15] and its modification to weighted mixed labellings
in Appendix A are easily implemented in polynomial time just from their definitions.
Thus, for any torso of T , the mixed labelling of any subgraph of the torso and any set of
cliques in the torso can be computed in polynomial time. The partition of T into skinny
subtrees and the corresponding contracted tree T ′ and tree-decomposition T ′ are easily
obtained (even in linear time). The labelling of each torso of T ′ given in Lemma 15 re-
quires only computing alphabetic codes (Lemma 7 and Corollary 8) as well as weighted
mixed labellings on subgraphs of torsos of T . The final vertex label µ(v) for a vertex of
G is then obtained by following the path from the root of T ′ to the home of v in T ′ and
concatenating a sequence of clique labels, the vertex label for v in its home torso, and at
most k local identifiers.

Finally, we note that Theorem 4 applies beyond proper minor-closed classes. Recall
that, for fixed k,Rk consists of the graphs isomorphic to subgraphs ofH⊠P for some graph
H of treewidth at most k and some path P . This class is hereditary, closed under taking
disjoint union, and admits an efficient weighted mixed labelling scheme (Lemma 19), so
Theorem 4 applies to it. Moreover, for suitable k = k(p), Rk contains every p-planar graph
(graphs that can be drawn in the plane with at most p crossings per edge) [17], and more
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generally every p-matching-planar graph [28] (graphs that have a drawing in the plane
such that, for every edge e, every matching among the edges crossing e has size at most
p). Note that these classes are not minor-closed. Consequently, for all fixed p and q, the
class of graphs admitting a tree-decomposition of adhesion-width at most q in which every
torso is p-matching-planar (again a class that is not minor-closed) admits a (1 + o(1)) logn-
bit adjacency labelling scheme.
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A Mixed Labelling Scheme for Rk

In this appendix, we modify the labelling scheme of Dujmović et al. [15] and its improved
version by Gawrychowski and Janczewski [22] in order to show the existence of the effi-
cient mixed labelling scheme for Rk mentioned in Subsection 1.2. We prove the following
result.

Lemma 19. For each fixed integer k ⩾ 0, the graph class Rk admits an efficient weighted
(g1, g2, g3) mixed labelling scheme, where g1(n), g3(n) ∈O(

√
logn), and g2(n) ∈O(1).

Proof. We begin by reviewing the proofs in [15] and [22] and then describe the changes
needed to obtain the statement of Lemma 19.

Let G be an n-vertex graph in Rk , so G is a subgraph of H ⊠ P , where H is a graph of
treewidth k and P is a path. Without loss of generality, assume that P = (1,2, . . . ,h), with
h ⩽ n, and H is an edge-maximal graph of treewidth k. This implies that H has an acyclic
orientation in which the out-neighbourhood N+

H (v) is a clique in H , for each v ∈ V (H). It
follows that the out-degree |N+

H (v)| is at most k, for each vertex v ∈ V (H).

Mapping V (H) onto intervals: The first step in [15] is an idea used by Gavoille and
Labourel [20] in their labelling scheme for bounded-treewidth graphs. Each vertex v of
H is mapped to a real interval f (v). This mapping has the following properties (for some
fixed c > 0):

(I1) For any two vertices v,w ∈ V (H), f (v) ⊆ f (w), f (w) ⊆ f (v) or f (v)∩ f (w) = ∅.
(I2) For each vw ∈ E(H), f (v)∩ f (w) , ∅.
(I3) For each x ∈ R, |{v ∈ V (H) : x ∈ f (v)}|⩽ ck logn.

The existence of such a mapping f is easily established by a recursive procedure that
takes an open interval (a,b) and a subgraph H ′ of H . The procedure identifies a set S of
at most k + 1 vertices in H ′ such that the components of H ′ − S can be partitioned into
two graphs H ′1 and H ′2, each with at most 2

3 |V (H ′)| vertices. For each v ∈ S, f (v) := (a,b).
The procedure is then applied inductively to map the vertices of H ′1 onto subintervals of
(a, (a+ b)/2) and then again to map the vertices of H ′2 onto subintervals of ((a+ b)/2,b).

Let I be the interval intersection graph with vertex-set V (I) := V (H) and edge-set
E(I) := {vw ∈

(V (H)
2

)
: f (v) ∩ f (w) , ∅}. Property (I2) implies that H is a subgraph of I .

Property (I3) implies that H has no clique larger than ck logn, for some fixed constant c.
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The graph I has a proper colouring ϕ : V (H)→ [⌊ck logn⌋] [24]. The label for each vertex
(v, i) of G will include the O(log(k logn))-bit integer ϕ(v).

Mapping V (H) onto points: For each vertex v of H , let xf (v) be the midpoint of the
interval f (v).4 Property (I1) then implies:

(I4) For each clique K in I , there exists v ∈ K such that xf (v) ∈ f (w) for each w ∈ K .

Indeed, a vertex w of K that minimizes the length of f (w) satisfies this condition.

TreatingG as a sequence of graphs: Each vertex ofG is a pair (v, i) with anH-coordinate
v ∈ V (H) and a P -coordinate i ∈ V (P ). We may assume, without loss of generality, that G
contains at least one vertex with P -coordinate i, for each i ∈ [h] (and therefore h⩽ n). The
next idea in [15] is to treat V (G) as a sequence of vertex subsets of H . For each i ∈ [h], let
Vi := {v ∈ V (H) : {(v, i), (v, i − 1)} ∩ V (G) , ∅}. Each vertex (v, i) of G contributes a vertex
to the two sets Vi and Vi+1, so

∑h
i=1 |Vi | ⩽ 2n. For each vertex (v, i) of G, define the set

Xv,i := {v} ∪ (Vi ∩N+
H (v)).

Observation 20. For any edge (v, i)(w,j) of G with w ∈ N+
H (v), we have that w ∈ Xv,i (if

j ∈ {i − 1, i}) or w ∈ Xv,i+1 (if j ∈ {i, i + 1}).

The label of any vertex (v, i) of G has two main parts, whose lengths sum to logn +
o(logn). The first part, λ1((v, i)) is determined by the P -coordinate, i. The second part,
λ2((v, i)), is obtained from a labelling of H[Vi], so it represents the H-coordinate, v.

Let S0 := Sh+1 := ∅ and, for each i ∈ [h], let Si := {xf (v) : v ∈ Vi}. Note that Si is a set of
real numbers, for each i ∈ [h]. It is helpful to impose a relationship between consecutive
sequences Si and Si+1, for each i ∈ [h− 1]. Therefore, [15] defines a sequence of supersets
S+

1 , . . . ,S
+
h . The exact definition of S+

1 , . . . ,S
+
h is not necessary for the current discussion. The

relevant properties here are:

(a) S+
i ⊇ Si for each i ∈ [h];

(b) there is a constant c > 0 such that
∑h
i=1 |S

+
i |⩽ cn.

(c) there is a constant c > 0 such that 1/c ⩽ |S+
i |/ |S

+
i+1|⩽ c, for each i ∈ [h− 1].

We remark that the contents of the sets S+
1 , . . . ,S

+
h are entirely determined by the contents

of the sets S1, . . . ,Sh. (Formally, the sequence S+
1 , . . . ,S

+
h is the result of applying a function

q : (2R)∗ → (2R)∗ whose input is a sequence of sets of real numbers and whose output is a
sequence of sets of real numbers. The function q is universal; it does not depend on H , P ,
or G.)

The row label λ1: With the sets S+
1 , . . . ,S

+
h described, we can now discuss λ1. The first

part of λ1(v, i) is obtained by applying Corollary 8 to the set [h] using the weight function
defined by i 7→ |S+

i |. This gives a prefix-free code ρ : [h]→ {0,1}∗ where, by Property (b) of
Corollary 8, |ρ(i)| ⩽ logρ([h]) − log |S+

i | +O(1) ⩽ logn − log |S+
i | +O(1) for each i ∈ [h]. For

each i ∈ {2, . . . ,h}, a string π(i) of length O(loglogn) is computed so that ρ(i − 1) can be
derived from ρ(i) and π(i). Formally, there exists a universal function P : ({0,1}∗)2→ {0,1}∗

4Any real number xf (v) in the interior of the interval f (v) would also work.
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such that P (ρ(i),π(i)) = ρ(i − 1), for each i ∈ {2, . . . ,h}. Then

λ1(v, i) := ⟨ρ(i),π(i)⟩

and
|λ1(v, i)|⩽ logn− log |S+

i |+O(loglogn) . (38)

for each vertex (v, i) of G.

Bulk trees: In [15], each set S+
i is stored in a binary search tree Ti of height log |S+

i | +
o(logn). As in Corollary 8, each node x of Ti is assigned a signature σTi (x) that describes the
root-to-x path PTi (x) as a binary string of length depthTi (x). Note that, for any x ∈ V (Ti):

|σTi (x)|⩽ height(Ti) ⩽ log |S+
i |+ o(logn)

For each i ∈ [h], each vertex v ∈ Vi is mapped to the node xTi (v) ∈ V (Ti) of minimum Ti-
depth such that (the real number) xTi (v) is contained in the (real interval) f (v). For each
v ∈ Vi , the node xTi (v) always exists because xf (v) ∈ Si ⊆ S+

i and xf (v) ∈ f (v). The same
reasoning implies that xTi (w) is defined, for each w ∈ Xv,i .

For each v ∈ Vi , define the signature σ (v, i) := σTi (xTi (v)). Note that, for two vertices
(v, i) and (v′ , i′) of G, (v, i) = (v′ , i′) if and only if

(i, σ (v, i), ϕ(v)) = (i′ , σ (v′ , i′), ϕ(v′)) . (39)

For each (v, i) ∈ V (G), the extended signature σ+(v, i) is the signature in Σv,i := {σ (w,i) :
w ∈ Xv,i} of maximum length. Since Xv,i is a clique in H , property (I4) implies that every
signature in Σv,i is a prefix of σ+(v, i) for each vertex (v, i) of G. In particular, for each
w ∈ Xv,i , the signature σ (w,i) can be derived easily from σ+(v, i) and |σ (w,i)|.

For each (v, i) ∈ V (G), define

α−(v, i) = ⟨ ⟨|σ (w,i)|,ϕ(w)⟩ | w ∈ {v} ∪N+
H (v), (w,i − 1) ∈NG((v, i)) ⟩

α0(v, i) = ⟨ ⟨|σ (w,i)|,ϕ(w)⟩ | w ∈N+
H (v), (w,i) ∈NG((v, i)) ⟩

α+(v, i) = ⟨ ⟨|σ (w,i + 1)|,ϕ(w)⟩ | w ∈ {v} ∪N+
H (v), (w,i + 1) ∈NG((v, i)) ⟩

α(v, i) = ⟨ α−(v, i),α0(v, i),α+(v, i) ⟩.

Since |N+
G(v)|⩽ k for each v ∈ V (H), |α(v, i)| ∈O(k(logk + loglogn)).

The last (and critical) piece of the labelling scheme in [15] is the notion of a transition
code. The authors of [15] choose the sets S+

1 , . . . ,S
+
h and design the binary search trees

T1, . . . ,Th so that, for any vertex (v, i) of G, the extended signature σ+(v, i+1) can be derived
from σ+(v, i) and a transition code τ((v, i)) of length o(logn). Formally, there is a universal
function J : ({0,1}∗)2→ {0,1}∗ such that J(σ+(v, i), τ(v, i)) = σ+(v, i + 1) for each (v, i) ∈ V (G).

This gives all the pieces needed for the second part of the label for a vertex (v, i) of G:

λ2(v, i) := ⟨σ+(v, i), |σ (v, i)|, ϕ(v), α(v, i), τ(v, i), |σ (v, i + 1)|⟩ .

The complete vertex label for a vertex (v, i) of G is

µ((v, i)) := ⟨λ1(v, i), λ2(v, i)⟩

which has length logn+O(
√

logn loglogn), for fixed k. (For k that grows with n, |µ(v, i))| =
logn+O(

√
logn loglogn+ k(logk + loglogn)).)
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Adjacency Testing We now describe a procedure that defines the output of the adja-
cency tester A. The operation of this procedure makes use of the fact that λ2(v, i) contains
all the information in σ+(v, i), σ (v, i), σ+(v, i + 1) = J(σ+(v, i), τ(v, i)), and σ (v, i + 1).

Given the labels µ((v, i)) and µ((w,j)) for two vertices (v, i) and (w,j) of G, the proce-
dure first uses λ1(v, i) and λ1(w,j) (along with the function P ) to test if i = j, i = j + 1 or
i = j − 1. If none of these is the case, then the procedure can immediately conclude that
(v, i)(w,j) is not an edge of H , since i , j and ij is not an edge of P . Since G is a subgraph
of H ⊠ P , this implies that A(µ((v, i)),µ((w,j))) := 0. Otherwise, the procedure deals with
one of the preceding cases:

• If i = j, then the procedure computes σ (w,i) using σ+(w,i) and |σ (w,i)|. Then the
procedure uses σ+(v, i) and α0(v, i) to compute σ (w′ , i) and ϕ(w′) for each w′ ∈N+

H (v)
such that (w′ , i) ∈NG((v, i)). For each of these the procedure checks if (σ (w′ , i),ϕ(w′)) =
(σ (w,i),ϕ(w)). If so, then (w,i) = (w′ , i) ∈NG((v, i)) so A(µ((v, i)),µ((w,j))) := 1.

If this test fails for each of the entries in the second part of α(v, i), then the procedure
concludes that w < Xv,i or (w,i) < NG((v, i)). This still leaves the possibility that
v ∈ Xw,i and (v, i) ∈NG((w,j)). The procedure checks this in exactly the same manner,
but with the roles of µ(v, i) and µ(w,j) reversed. If this test also fails to return a result,
then A(µ((v, i)),µ((w,j))) := 0.

• If i = j + 1 then the procedure computes σ+(w,i) = J(σ+(w,j), τ(w,j)). Then the pro-
cedure computes σ (w,i) using σ+(w,i) and |σ (w,i)|. Then the procedure continues as
in the previous case, except now using entries from α−(v, i) to find (w′ , i) such that
(σ (w′ , i),ϕ(w′)) = (σ (w,i),ϕ(w)).

If this search fails, then the procedure continues as in the previous case, except now
using entries from α+(w,j) to find a (v′ , i) such that (σ (v′ , i),ϕ(v′)) = (σ (v, i),ϕ(v)). If
this search also fails, then A(µ((v, i)),µ((w,j))) := 0.

• If i = j − 1 then the procedure computes σ+(v, j) = J(σ+(v, i), τ(v, i)). Then the proce-
dure computes σ (w,j) using σ+(w,j) and |σ (w,j)|. Then the procedure continues as
in the previous cases, except now using entries from α+(v, i) to find (w′ , j) such that
(σ (w′ , j),ϕ(w′)) = (σ (w,j),ϕ(w)).

If this search fails, then the procedure continues by using entries in α+(w,j) to find
(v′ , j) such that (σ (v′ , j),ϕ(v′)) = (σ (v, j),ϕ(v)). If this search also fails, then the pro-
cedure concludes that A(µ((v, i)),µ((w,j))) := 0.

B-trees: Gawrychowski and Janczewski [22] use weight-balanced B-trees to replace the
(binary) bulk trees used in [15]. A B-tree stores a set of real numbers in the leaves of a tree
B in which all leaves have the same depth. Weight-balanced B-trees are parameterized by
a parameter a ⩾ 6. A weight-balanced B-tree B is semi-balanced if, for each node x of B,
the number of leaves in the subtree Bx is at most 6aheight(Bx) and for each non-root node x
of B, the number of leaves in Bx is at least 1

2a
height(Bx). Let B be a weight-balanced B-tree

with r ∈ [n] leaves. The weight-balance conditions guarantee that height(B) ⩽ loga r + 1.
The weight-balance conditions also ensure that the number of children of any node x of
B is at most 12a. This implies that any root-to-leaf path in a B-tree can be encoded by a
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sequence of loga r + 1 integers, each requiring ⌈log(12a)⌉ ⩽ 5 + loga bits to represent, for a
total of at most ⌈log(12a)⌉ · (loga r + 1) = logr +O(loga r + loga) bits. The value of a used in

[22] is approximately 2
√

logn, so that any root-to-leaf path in B can be represented using
logr +O(

√
logn) bits, for any r ∈O(n).

The sequence of binary search trees T1, . . . ,Th used in [22] is replaced with a sequence
of B-trees B1, . . . ,Bh. For each i ∈ [h], the leaves of Bi store the values in S+

i . For each
i ∈ [h], each vertex (v, j) ∈ Vi × {i − 1, i} is mapped to the lowest-common-Bi-ancestor xBi (v)
of f (v)∩S+

i . Then, for a vertex (v, i) of G, the signature σ (v, i) is the encoding of PBi (xBi (v)).
Then

|σ (v, i)|⩽ ⌈log(12a)⌉ · (depthBi (xBi (v))) = ⌈log(12a)⌉(depthBi (lcaBi (f (v)∩ S+
i ))) .

An upper bound on |σ ((v, i))| can be obtained by using the loga |S
+
i | + 1 upper bound on

height(Bi):

|σ (v, i)|⩽ ⌈log(12a)⌉height(Bi) ⩽ ⌈log(12a)⌉(loga |S
+
i |+ 1) = log |S+

i |+O(
√

logn)

The main advantage of using B-trees over the bulk trees in [15] is that in B-trees the
rebalancing operations needed to maintain the height bound result in a much simpler
transition code τ(w,i − 1). This simplicity ultimately comes from the fact that, for any
p ∈ Si−1 ∩ Si , the root-to-p path PBi−1

(p) in Bi−1 and the root-to-p path PBi (p) in Bi differ
by at most a single vertex. More precisely, a subpath xyz in PBi−1

(p) can be replaced by
a subpath xy′z to give PBi (x).5 In terms of the signature function σ , this means that the
difference between these two paths can be described by an O(loglogan)-bit integer that
gives the index of the vertex y being replaced and two ⌈log(12a)⌉ bit integers that give the
index of y′ in the list of children of x and the index of z in the list of children of y′.% 6

As a result of this, the transition code τ((w,i − 1)) used for the B-trees in [22] is shorter
(it has length O(

√
logn) rather than the O(

√
logn loglogn) required by bulk trees) and, on

a computer with O(logn)-bit words, the translation from σ+((w,i − 1)) to σ+((w,i)) can be
done in constant time, resulting in a constant-time adjacency testing procedure. (All of
the other adjacency-testing operations for both schemes can be done in constant-time.)

Except for the new definition of the basic signature σ and the transition function τ ,
every other aspect of the resulting labelling scheme and adjacency testing procedure is as
described in [15].

A weighted mixed labelling scheme: We now describe the changes to [15, 22] needed
to prove Lemma 19. For this we will define an adjacency tester A and an identity tester I .
As usual, we first describe the format of the vertex and clique labels before describing the
operation of A and I .

5There are two exceptions. Occasionally, PBi (x) is obtained by removing the first vertex of PBi−1 (x) or by
adding a vertex at the beginning of PBi−1 (x). Since these are distracting and easily handled, we ignore them
here.

6Determining σ+((w,i)) from σ+((w,i − 1)) requires a bit more work, since it is possible that xBi (w) ,
xBi−1 (w). This is common to both labelling schemes and does not affect the upcoming discussion. The im-
portant thing for what comes next is the definition of xBi (w) = lcaBi (f (w)∩ S+

i ).
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Let H be an edge-maximal graph of treewidth at most k, let P = (1, . . . ,h) be a path,
let G+ be a subgraph of H ⊠ P , let G be a spanning subgraph of G+ and let ω : V (G)→ R+

be a weight function. As in other proofs, we may assume that ω is nice, so that ω(v) is a
positive integer, for each v ∈ V (G), and that logω(G) ∈ O(logn). We may also assume that
G+ is an induced subgraph of H ⊠ P .

To help with clique labelling later, we will introduce some dummy vertices to G+ and
G. Since G+ is an induced subgraph of H⊠P , this also introduces edges and cliques in G+.
For each vertex (v, i) of G+ with i ∈ [h−1], if G+ does not contain the vertex (v, i+1) then we
add the dummy vertex (v, i+1) to G+ and G and define ω(v, i+1) :=ω(v, i). The addition of
dummy vertices does not increase the number of vertices or the total weight ω(G) by more
than a factor of 2. Any vertex of G that is not a dummy vertex is called a real vertex.

To satisfy the requirement on g1(n), the label µ((v, i)) of a vertex (v, i) of G should have
length logω(G) − logω((v, i)) +O(

√
logn). To achieve this, we require that the extended

signature σ+(v, i) have length at most log |S+
i | − logω((v, i)) +O(

√
logn). To accomplish this,

we define an intermediate weight function δ, as in the proof of Lemma 16. For each (w,j) ∈
V (H ⊠ P ), define X−1

w,j := {(v, i) ∈ V (G) | i ∈ {j, j + 1}, w ∈ Xv,i} and define

δ(w,j) :=
∑

(v,i)∈X−1
w,j

ω(v, i) +ω((w,j − 1)) ,

where we use the convention that ω((w,j −1)) = 0 if (w,j −1) < V (G). The intuition behind
the sum in the definition δ(w,j) is that, for each vertex (v, i) of G, the extended signature
σ+(v, i) must have length at most log |S+

i |−logω((v, i))+O(
√

logn). However, σ+(v, i) should
be long enough to contain σ (w,i) for each w ∈ Xv,i . Thus, δ increases the weight of (w,j) to
ensure this. Importantly, for each (v, i) ∈ V (G) and each w ∈ Xv,i ,

δ(w,i) ⩾ω((v, i)) . (40)

(The final term, ω(w,j − 1) in the definition of δ(w,j) will be useful for clique labelling
later.)

The total weight assigned by δ is∑
(w,j)∈V (H⊠P )

δ(w,j) ⩽
∑

(v,i)∈V (G))

|Xv,i | ·ω((v, i)) +ω(G) ⩽ (2k + 3)ω(G) . (41)

At this point, we proceed almost exactly as in the proof of Lemma 7. For each i ∈ [h]
and each v ∈ Vi , define

Sδ,i(v) := {(xf (v),1), . . . , (xf (v),δ(v, i)}

and define Sδ,i :=
⋃
v∈Vi Sδ,i(v). For each i ∈ [h], treat Sδ,i as a totally ordered set where

order is determined by lexicographic comparison. Note that |Sδ,i | = δ(V (H) × {i}) for each
i ∈ [h] and

∑h
i=1 |Sδ,i | =

∑
(w,j)∈H⊠P δ(w,j) ⩽ (2k + 3)ω(G), by (41).

In the following, we use the convention that a real interval (a,b) contains (x, j) ∈ S+
i if

(the real interval) (a,b) contains (the real number) x. In particular, for a vertex v ∈ V (H)
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and i ∈ [h], f (v)∩ S+
i := {(x, j) ∈ S+

i : x ∈ f (v)}. Then, just as in the unweighted case xBi (v) =
lcaBi (f (v)∩ S+

i ).

At this point, we apply exactly the same machinery used in [15, 22] beginning with
the sets Sδ,1, . . . ,Sδ,h instead of the sets S1, . . . ,Sh. This results in sets S+

δ,1, . . . ,S
+
δ,h of total

size
∑h
i=1 |S

+
δ,i | ∈O(k ·ω(G)) ∈O(kn), by (41), and since ω is nice. This has the desired effect

because a B-tree of height h has at most 6ah leaves. Therefore,

depthBi (xBi (v)) = depthBi (lcaBi (f (v)∩ Sδ,i))
⩽ depthBi (lcaBi (Sδ,i(v)))

⩽ height(Bi)− loga(δ(v, i)/6)

⩽ loga |S
+
δ,i | − loga δ(v, i) +O(1)

.

Furthermore, for any (w,j) ∈ Xv,i , by (40),

depthBi (xBi (w)) ⩽ loga |S
+
δ,i | − loga δ(w,i) +O(1) ⩽ loga |S

+
δ,i | − logaω(v, i) +O(1) .

Therefore,

|σ+(v, i)| = max{|σ ((w,i))| | w ∈ Xv,i}
⩽ ⌈log(12a)⌉ ·max{depthBi (xBi (w)) | w ∈ Xv,i}
⩽ ⌈log(12a)⌉ · (loga |S

+
δ,i | − logaω((v, i)) +O(1))

⩽ (5 + loga) · (loga |S
+
δ,i | − logaω((v, i)) +O(1))

⩽ log |S+
δ,i | − logω((v, i)) +O(1 + loga |S

+
δi
|+ loga)

⩽ log |S+
δ,i | − logω((v, i)) +O(

√
logn) .

Then

|λ2(v, i)|⩽ log |S+
δ,i | − logω((v, i)) +O(

√
logn+ k(logk + loglogn))

⩽ log |S+
δ,i | − logω((v, i)) +O(

√
logn+ k(logk + loglogn)) .

By (41), we have that |λ1((v, i))|⩽ logω(G)− log |S+
δ,i |+O(loglogn), so

|µ((v, i))| = |λ1((v, i))|+ |λ2((v, i))|+O(loglogn)

⩽ logω(G)− log |S+
δ,i |+ log |S+

δ,i | − logω((v, i)) +O(
√

logn+ k(logk + loglogn))

= logω(G)− logω((v, i)) +O(
√

logn+ k(logk + loglogn)) .

For any fixed k, |µ((v, i))| = logω(G) − logω((v, i)) +O(
√

logn), satisfying the requirement
g1(n) ∈ O(

√
logn). Since the vertex labels assigned by µ have the same format as those in

[3, 15], the adjacency tester A proceeds exactly as described in [5, 15].

47



Clique labelling and identity testing: Thus far, we have shown that the lengths of the
vertex labels promised in Lemma 19 are achievable. What remains is to describe the clique
labels, the local identifiers, and the identity testing procedure.

Let K be a clique in G+ that contains no dummy vertices and let VK := {v | (v, j) ∈ K}.7
ThenK ⊆ V (H)×{i−1, i} and Vi ⊇ VK for some i ∈ {2, . . . ,h}. SinceK is a clique inG+ ⊆H⊠P ,
VK is a clique in H . Therefore, there exists v∗ ∈ VK such that VK ⊆ {v∗} ∪N+

H (v∗).

If (v∗, i) ∈ K then δ(v∗, i) ⩾ ω((v∗, i)). If (v∗, i) < K then (v∗, i − 1) ∈ K and, by the
definition of δ, δ(v∗, i) ⩾ ω((v∗, i − 1)).8 In either case, δ(v∗, i) ⩾ min(v,j)∈Kω((v, j)). Since
K contains no dummy vertices, (v∗, i) is a (possibly dummy) vertex of G+. Therefore,
µ((v∗, i)) = ⟨λ1(v∗, i),λ2(v∗, i)⟩ is defined. Furthermore, Xv∗,i contains VK . To summarize,
µ((v∗, i)) is defined, and has length at most logn− logmin(v,j)∈K (ω((v, j))) +O(

√
logn). Also,

µ((v∗, i))) contains σ+(v∗, i), which contains σ (w,i) as a prefix, for each w ∈ VK .

We can now mimic the adjacency labelling. Define

α−(K) := ⟨ ⟨|σ (w,i)|,ϕ(w)⟩ | (w,i − 1) ∈ K ⟩
α0(K) := ⟨ ⟨|σ (w,i)|,ϕ(w)⟩ | (w,i) ∈ K ⟩
α(K) := ⟨ α−(K), α0(K) ⟩ .

Since |K |⩽ 2k + 2, |α(K)| ∈O(k loglogn). Define

µ(K) := ⟨ λ1(v∗, i), σ+(v∗, i), α(K) ⟩ .

To see that µ is injective when restricted to cliques in G+, suppose µ(K) = µ(L) for two
distinct cliques K and L. Then their first parts match, which implies iK = iL = i since the
prefix-free code ρ(i) inside λ1 uniquely determines the P -coordinate i. They also have the
same extended signature σ+ := σ+(v∗K , i) = σ+(v∗L, i) and the same third part α(K) = α(L).
The set of vertices in K is uniquely determined by i, σ+, and α(K): for each entry ⟨ℓ,ϕ⟩
in α−(K) (respectively, α0(K)), there is a vertex (w,i − 1) (respectively, (w,i)) in K where
ϕ(w) = ϕ and σ (w,i) is the prefix of σ+ of length ℓ. By (39), theH-coordinate w is uniquely
identified by i, σ (w,i), and ϕ(w), which in turn uniquely determines each vertex (w,j) of
K . Since α(K) = α(L), we conclude K = L. Thus µ is injective on cliques of G+.

Then,

|µ(K)|⩽ |λ1(v∗, i)|+ |σ+(v∗, i)|+O(k loglogn)

⩽ logω(G)− logδ(v∗, i) +O(
√

logn+ k(logk + loglogn))

⩽ logω(G)− log min
(v,j)∈K

ω((v, j)) +O(
√

logn+ k(logk + loglogn)).

For fixed k, |µ(K)|⩽ logω(G)−logmin(v,j)∈Kω((v, j))+O(
√

logn), satisfying the requirement
g3(n) ∈O(

√
logn).

7The requirement that K contains no dummy vertices is justified by the fact that we are only required to
provide labels for cliques that exist in the original input graph G+.

8This is precisely the reason for the ω((v, i − 1)) term in the definition of δ(v, i).
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Local identifiers For each vertex (u,j) ∈ K , the local identifier for (u,j) is a single integer
κ(K, (u,j)) ∈ [2k + 2] that indicates the position of the entry for (u,j) in α(K). This integer
also implicitly encodes whether j = i − 1 or j = i. Thus |κ(K, (u,j))| = O(logk). For fixed k,
this satisfies the requirement g2(n) ∈O(1).

Identity testing We now describe the identity tester I . Let K be a clique in G+ containing
only real vertices, let (u,j) ∈ K , and let (v, i′) be a real vertex of G. Let (v∗, i) be as in the
description of µ(K), so that K ⊆ V (H) × {i − 1, i} and therefore j ∈ {i − 1, i}. Given µ(K) =
⟨λ1(v∗, i),σ+(v∗, i),α(K)⟩, κ(K, (u,j)), and µ((v, i′)) = ⟨λ1(v, i′),λ2(v, i′)⟩, the identity tester
proceeds as follows. First, the tester examines λ1((v, i′)) and λ1((v∗, i)) to determine if i′ = i
or i′ = i−1. If neither of these is the case, then (u,j) , (v, i′) so I(µ(K),κ(K, (u,j)),µ((v, i′))) :=
0 since j ∈ {i − 1, i}. If i′ ∈ {i − 1, i}, then the tester locates the entry ⟨|σ (u, i)|,ϕ(u)⟩ in
α(K) using κ(K, (u,j)). The location of this entry also determines whether j = i − 1 or
j = i. Since the tester now knows the values of j and i′, it can immediately determine that
I(µ(K),κ(K, (u,j)),µ((v, i′))) := 0 if j , i′. If j = i′, then the tester computes σ (u, i) using
σ+(v∗, i) and |σ (u, i)|. Recall that λ2(v, i′) = ⟨σ+(v, i′), |σ (v, i′)|,ϕ(v),α(v, i′), τ(v, i′), |σ (v, i′ +
1)|⟩. There are now two cases to consider:

• If i′ = i then the tester uses σ+(v, i′) and |σ (v, i′)| to compute σ (v, i′) = σ (v, i). If
(σ (v, i),ϕ(v)) = (σ (u, i),ϕ(u)) then (v, i) = (u, i) and I(µ(K),κ(K, (u,j)),µ((v, i′))) := 1.
Otherwise, I(µ(K),κ(K, (u,j)),µ((v, i′))) := 0.

• If i′ = i − 1 then the tester computes σ+(v, i) = J(σ+(v, i′), τ(v, i′)) and uses this with
|σ (v, i′ + 1)| = |σ (v, i)| to compute σ (v, i). Again, the tester concludes by checking if
(σ (v, i),ϕ(v)) = (σ (u, i),ϕ(u)).

This concludes the proof.
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