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Abstract

We show that graphs excluding K3 ; as a minor admit a f(#)-round
50-approximation deterministic distributed algorithm for MiNIMUM
DoMINATING SET. The result extends to MINIMUM VERTEX COVER.
Though fast and approximate distributed algorithms for such prob-
lems were already known for H-minor-free graphs, all of them
have an approximation ratio depending on the size of H. To the
best of our knowledge, this is the first example of a large non-trivial
excluded minor leading to fast and constant-approximation dis-
tributed algorithms, where the ratio is independent of the size of H.
A new key ingredient in the analysis of these distributed algorithms
is the use of asymptotic dimension.
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1 Introduction

MiNiMUM DOMINATING SET (MDS) (and its weaker version, MIN-
iMUM VERTEX CovErR (MVC)) is a famous minimization prob-
lem on graphs, known to be NP-complete even in cubic planar
graphs [10, 15]. The goal is to find a smallest subset of vertices that
intersects all radius-1 balls (MDS) or all edges (MVC).

Applications of vertex covers, dominating sets, and other types
of covers can be found in the context of wireless sensor networks
[1, 6, 18]. There, the goal is to minimize energy by keeping as few
devices active as possible while maintaining the ability to awake
sleeping devices through an active neighbor. For this purpose, the
distributed version is also important.

The LOCAL Model. In this paper, we consider distributed algo-
rithms in the LOCAL model, popularized by Linial in his seminal
papers [23, 24]. In this model, the network is represented by an
undirected connected graph G, the edges representing reliable com-
munication links between computing devices (the vertices) that
work in synchronous rounds. At each round, a vertex can exchange
messages with each of its neighbors and perform arbitrary compu-
tations based on the information it has. Messages have no size limit,
in contrast to the CONGEST model. At the start of the algorithm,
the processors each have a copy of the algorithm and a O(log n)-bit
identifier, where n is the number of vertices in the graph G. The
main complexity measure in the LOCAL model is the number of
rounds to achieve a given task, taken as the maximum over all
vertices. This measure gives an indication on the local nature of a
problem, as it captures the minimum value r such that each vertex
can reach a good decision based on its radius-r neighborhood.

Fast Algorithms. In any n-vertex graph G, it is possible to (1+¢)-
approximate a MDS for G in poly(¢~! logn) rounds by combin-
ing the techniques of [11] and of [26], see [26, Cor. 3.11]. For
more specific graphs, O(log" n) rounds may suffice. This is for
instance the case in planar graphs [7], or more generally in K;-
minor-free graphs [8] and in sub-logarithmic expansion graphs [2]
- we emphasize that hidden constants in the big-O notation for
the number of rounds depend on ¢ and ¢t. Conversely, [7] showed
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that o(log® n) rounds do not suffice for computing an (1 + ¢)-
approximation of MDS on a cycle in the LOCAL model. More gen-
erally, using a different technique inspired by Linial, [22] showed
that the approximation-ratio times the round-complexity must be
Q(log* n) for any approximation LOCAL algorithm for MDS in
unit-disk graphs.

Constant-Round Algorithms. Because of the lower bound of
[20] in general graphs, achieving constant ratio approximation
in a constant number of rounds is not possible. More pre-
cisely, every constant-approximation LOCAL algorithm requires
Q(+/logn/loglogn) rounds, and this holds for MDS and MVC.
Therefore, we need to focus on restricted graph classes to obtain
such results.

The literature is abundant in this direction. For instance, on reg-
ular graphs, i.e., graphs where all vertices have the same degree, we
achieve a 2-approximation for MVC in 0 rounds (take all vertices?!).
Similarly, a 6-approximation in unit-disk graphs can be achieved by
taking all the vertices incident to an edge — See the excellent survey
of [28] and the references therein. For the more difficult MDS prob-
lem, distributed algorithms have been developed for various classes
of graphs, including (but not limited to): outerplanar graphs [4], pla-
nar graphs [13, 14, 21], bounded-genus graphs [2], graphs excluding
topological minors [8], graphs with sublogarithmic expansion [2] or
with bounded expansion [13, 19]. For instance, the approximation
ratio for MDS in planar graphs has been improved from 130 [21] to
52 [30], and recently down to 11 + ¢ [13].

H-minor-free With Large H. Most of the graph classes cited above
can be expressed as H-minor-free graphs for some specific minor
H (cf. Table 1), but the results for graphs with bounded expansion
are more general. More precisely, [19] presented a constant-round
LOCAL algorithm with approximation ratio V; (G)9UV1(G)) ¢ G
excludes K}, ; as subgraph, where V,(G) is the maximal edge density
of a depth-r minor of G and ¢t = O(V1(G)). [13] have improved the
approximation ratio to Vo(G) - V1 (G)O(SVl (©) if G excludes K
as subgraph, at the cost of a larger O;(1)-round complexity. If G
excludes K3 ; as subgraph, the approximation ratio improves to
(2+¢) - (2V1(G) +1) for every € > 0, where the round complexity
is Og¢(1).

Obviously, if G excludes H as minor, it excludes H as a depth-r
minor. As a consequence, V,(G) < §(H), where §(H) is the max-
imum edge density of a graph excluding H as minor. It is well-
known [16, 29] that §(K;) = ©(t+/logt ), and more generally §(H) =
O(ty/logd) [25], where t = |[V(H)| and d = |E(H)|/t < pw(H) + 1.
So, 6(Ks,r) = O(t+/log s ). More specifically, §(K3,:) < (t+3)/2 [17].

Therefore, for graphs excluding K; as minor, the result of [19]
implies an approximation ratio of 10N logt) (with O(1)-round
complexity. For K ;-minor-free, [13] implies an approximation ratio
of t0<3t‘/l°?) with O;(1)-round complexity. For K3 ;-minor free
graphs, the approximation ratio becomes (2+¢) - (¢ +4). See Table 1
for a compilation of best known results for various H.

!This holds by observing that such a graph contains kn/2 edges where k is the degree
of each vertex, while a set on p vertices intersects at most pk edges.
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Our Contributions. In this paper we concentrate our attention on
H-minor-free graphs when H has many vertices, that is, t vertices
for some arbitrarily large parameter ¢ € N. To the best of our knowl-
edge (see Table 1), no f(t)-round and constant-approximation LO-
CAL algorithm for MDS in H-minor-free graphs is known, excepted
perhaps for the trivial case where H is a subgraph of a path with ¢
vertices. Indeed, in this case the graph G has diameter at most t — 1,
and thus a MDS can be solved exactly in ¢ — 1 rounds?.

For MDS, we show that:

e K;;-minor-free graphs have a O;(1)-round 50-
approximation LOCAL algorithm.
o These graphs also have a O(1)-round (2t + 1)-approximation

LOCAL algorithm.

All the algorithms are deterministic, since in general constant-
round randomized LOCAL algorithms are not possible if high prob-
ability guarantee is required.

Our approach toward Theorem 4.1 is to design an algorithm
as simple as possible and push all the complexity to its analysis,
following a long tradition [4, 30]. The intuition here is that a highly-
connected K3 ;-minor-free graph has bounded radius, so the diffi-
culty lies in handling small cuts, especially since we cannot decide
locally if a vertex belongs to a small cut. We treat all vertices that
are in a cut of size 1 or 2 in their small-distance neighborhood
as we would vertices that are in a cut of size 1 or 2 in the whole
graph (take all vertices in a cut of size 1, take all vertices in a cut of
size 2 except those which are clearly a bad idea), then argue what
% is a number of connected components of bounded weak
radius, which we can thus solve optimally by brute-force. Though
the latter part comes with its own interesting challenges which
we thankfully mostly outsource® to a paper of Ding [9], the major
conceptual contribution is in the analysis of the first part. To argue
that taking all vertices that are locally separating (and similarly for
vertices in a local cut of size 2) is not too costly, we need to give
some global discharging argument. We were able to do this using
recent results on the asymptotic dimension, a notion introduced
by Gromov in 1993 in the context of geometric group theory [12].
We believe this tool, which we detail in Section 3, will be of further
interest to the community of distributed graph algorithms.

remains

Sketch of the Main Algorithm (Theorem 4.1). The algorithm com-
putes an approximation of MINIMUM DOMINATING SET in a Kj 4-
minor-free graph G. It has three main steps:

2In the LOCAL model, after D rounds of communication, each vertex u of a diameter-
D graph knows entirely G and its identifier in G. After this communication step, u
can therefore compute an optimal dominating set in a consistent way with centralized
brute-force and deterministic algorithm.

3If there are at least three vertices, take all vertices with degree at least two, cf. [4, 21].
This requires two rounds from the model, because the vertices do not know their
degree and need one round to count their neighbors (by counting the number of
received messages).

“Take all the vertices. Such graphs have degree at most ¢ — 1, thus this is a 0-round
t-approximation since every dominating set has size at least n/ (A + 1) where A is the
maximum degree of the graph.

SWhile 3-connected K ;-minor-free graphs may have unbounded radius, such graphs
admit many local 1- or 2-cuts, see Lemma 4.2.

®While the paper is only available as a preprint and has seemingly not gone through a
reviewing process, it seems to be generally considered to be correct and has even been
refined in a doctoral thesis [27]. For our own peace of mind, we have triple-checked
that the pieces we need from that paper really do hold.
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MINOR-FREE GRAPHS ‘ APPROX. RATIO ‘ #ROUNDS ‘ REFERENCES

trees (K3) 3 2 Folklore?
outerplanar (Ky, K2,3) 5 2 [4]
planar (Ks, K3 3) 11+¢ 0.(1) [13]
Kj,s-minor-free t 0 Folklore*
K5 s-minor-free 2t -1 3 Theorem 4.4
K3 ;-minor-free 50 0:(1) Theorem 4.1
K t-minor-free 10 (stflogs) Ot (1) [13]
K;-minor-free to(tz\/@) 7 [19]

Table 1: Constant-round approximation distributed algorithms for MiNIMuMm DOMINATING SET on H-minor-free graphs, for
various H. The bottom part of the table is about large H, on ¢ vertices where t may be arbitrarily large.

(1) Compute the set X of all vertices in “local” 1-cuts, and add
them to the solution.

(2) Compute the set I of all “interesting” vertices in “local” 2-cuts,
and add them to the solution.

(3) Compute an optimal dominating set of all other undominated
vertices in each component of G — (X UI) using a brute-force
approach and add them to the solution.

Intuitively, a “local” k-cut is a minimal set of vertices that locally
(up to some bounded radius) looks like a standard k-cut. This radius
is a function of the size of H and of k € {1,2}. And, a vertex u
in a “local” 2-cut {u, v} is “interesting” if v does not dominate all
vertices, except for at most one component attached to {u,v}. This
is a rough explanation, and all formal definitions of “local” k-cuts
and “interesting” vertices can be found in Section 2 and Section 3.

The main challenge is to accurately tune the above radii in Step 1
and 2 to show that the approximation ratio (namely 50) does not
depend on the size of H, but only on the asymptotic dimension of the
class and its control function (see Section 3). In contrast, the round
complexity essentially relies on the diameter of the components as
defined in Step 3, which is a function of the radii defined above.

2 Preliminaries

General Definitions. In a graph G, a set S C V(G) is a dominating
set if and only if every vertex of G is either in S or adjacent to a
vertex in S. We denote by MDS(G) the minimum size of such a
set. Given some B C V(G), a set S C V(G) is B-dominating if and
only if every vertex of B is either in S or adjacent to a vertex in S.
In particular, if N[B] denotes the closed neighbourhood of B, we
can assume that S € N[B]. Similarly, we denote by MDS(G, B) the
minimum size of such a set.

A graph without true twins is a graph such that no two distinct
vertices u and v are true twins, i.e. are such that N[u] = N[v]. The
true-twin-less graph associated to G is a largest subgraph of G with
no true twins. Notice that there is a unique such unlabelled graph
G~ and G~ can be computed in a constant number of rounds in
the LOCAL model. Furthermore, MDS(G ™) = MDS(G).

The weak diameter of a set S C V(G) is the largest distance in G
between two vertices u,v € S.

79

Local Connectivity. The aim of this definition is to study cuts that
can be recognized using a LOCAL algorithm. Recall that a k-cut of a
graph G is a minimal subset of k vertices whose removal increases
the number of connected components of G. E.g., 1-cuts are ak.a
cut-vertices. On classes of bounded asymptotic dimension, the set
of local k-cuts is well-behaved for k < 2 (see Section 3).

Here is a formal definition of a local cut’. By N” [v], we denote
the set of all vertices at distance at most r of v in G.

DEFINITION 2.1 (LocAL cuT). A subset of vertices C of a graph G
is a r-local k-cut if all vertices of C are pairwise at distance at most r
in G, and C is a k-cut of G [Uyec N" [v]]-

We say G is r-locally k-connected if G has no r-local k-cuts. If
there are no r-local k-cuts, then there are no r’-local k-cuts for any
r’ > r. Note that a k-cut is a |V (G)|-local k-cut. Therefore a locally
k-connected graph is k-connected, that is, local connectivity is a
stronger notion than connectivity. All cuts that will be considered
from now on are minimal cuts, i.e., no proper subset of the cut is
also a cut with the “same” connected components. Intuition is not
always an ally when it comes to r-local k-cuts, however we use the
notion in a fairly basic manner here.

3 Asymptotic Dimension

In this section, we focus on defining asymptotic dimension (a non-
trivial task, as it happens) and explaining how to exploit it, in the
hope that others may be able to exploit it in turn.

The first pitfall is that asymptotic dimension only makes sense
when defined for a whole graph class and not for a single graph.

Given a graph G, we say S C V(G) is D-bounded if G[S] has
weak diameter at most D. An r-component of S is a maximal
subset S’ C S such that for any two vertices u,v € ', there is a
sequence of vertices uj = u, ug, us3, .. LUp =0 in S’ such that any
two consecutive vertices are at distance at most r of each other
in G. Put differently, an r-component of S is exactly a connected
component of G”.

"We did not find this exact same notion anywhere else in the literature, though it was
probably considered previously.
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The asymptotic dimension of a graph class G is the least integer
d such that there exists a function f that satisfies the following
conditions: For any graph G € G, for any r > 0:

e G hasacover V(G) = U?:o Bi;
e each r-component of B; is f(r)-bounded.

A function f witnessing that G has asymptotic dimension at
most d is called the control function of G.

Note that any finite graph class has asymptotic dimension 0, as
one can always take f to be constant, always set to the number of
vertices in a largest graph of G, then take By to be the whole graph
regardless of r.

Trees, and more generally graph classes of bounded treewidth
(resp. layered treewidth) have asymptotic dimension 1 (resp. 2).
Planar graphs, and more generally the classes of H-minor-free
graphs (for any fixed H) have asymptotic dimension 2 as shown
by [3]: the dependency in H only shows in the control function f.
Dense graph classes may also have small asymptotic dimension.
For example, it is sufficient that there is a quasi-isometry into a
class having small asymptotic dimension®. The class of chordal
graphs, being quasi-isometric to the class of trees, has asymptotic
dimension 1.

Asymptotic dimension is a large-scale generalisation of weak
diameter network decomposition which has been studied in dis-
tributed computing; a more refined notion of asymptotic dimension
is called Assouad-Nagata dimension and its algorithmic form is
related to weak sparse partition schemes. The interested reader is
referred to [3] for further details.

3.1 When Local Properties Can Replace Global
Properties

Let us give a first application of asymptotic dimension. We say that
a graph class D is r-locally-C if for every v € V(G), G[N" [v]] € C.
We first prove that a dominating set for r-locally-C classes can be
approximated with good approximation ratio if there is an approxi-
mation algorithm on C and if the graph class we are approximating
on has bounded asymptotic dimension. For a given graph G and
a LOCAL algorithm A that returns a subset of vertices, we define
A(G) as the set returned by A when run on G.

ProprosITION 3.1. Let C be a hereditary class of graphs and k > 0.
Let A be a local algorithm with round complexity r > 1 and with
the following property: for every G € C and S C V(G), |[A(G)N S| <
a-MDS(G, N¥[S]). Let D bea graph class with asymptotic dimension
d with control function f, and that is (f(2k + 3) + k + r)-locally-C.
Then A is an a(d + 1)-approximation algorithm on D.

The proof can be found in Subsection 5.1. We unfortunately
managed to simplify our algorithm so as not to use Proposition 3.1,
but we decided to include it anyways because it showcases the
interest of asymptotic dimension and may be of future use.

81t is conjectured in [3] that any graph class forbidding some graph as a fat minor
should also have asymptotic dimension at most 2.
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3.2 Bounding the Number of Local 1-cuts and
2-cuts

We first bound the number of vertices in local 1-cuts and the number
of vertices in so-called interesting local 2-cuts.

LEmMA 3.2. For anyd € N, and any graph class C of asymptotic
dimension at most d, there exists c3 2(d) and m3 2(C) such that for
all graphs G € C, the number of m3 2(C)-local 1-cuts in G is at most
C3'2(d) MDS(G).

The proof of this can be found in Subsection 5.2.

To extend Lemma 3.2 to 2-cuts, we need some restriction on the
2-cuts considered: for example, a large tree with a single vertex
adjacent to all its vertices admits many 2-cuts but has a dominating
set of size 1. This motivates the following definition, which we will
only use for r > 2.

A vertex v € C is r-interesting if there exists some r-local 2-cut
¢ = {u, v} such that:

e N[v] € N[u] and
e at least two connected components of G[N"[c]] — ¢ contain
each a vertex non-adjacent to u.

We are now ready to state the corresponding lemma for 2-cuts.

LEmMMA 3.3. For anyd € N, and any graph class C of asymptotic
dimension at most d, there exists c3 3(d) and m3 3(C) such that for
all graphs G € C, the number of interesting vertices in m3 3(C)-local
2-cuts of G is at most 3 3(d) MDS(G).

The proof of this can be found in Subsection 5.3.

4 Constant Approximation for Minimum
Dominating Set

Intuition and Explanation. One can assume that the graph con-
tains no true twins, just like in the algorithm of Theorem 4.4. The
main idea of our algorithm is to take all vertices in 1-cuts and 2-cuts,
in order to reduce the problem to 3-connected graphs, where we can
solve MINIMUM DOMINATING SET in constant time O(t). However,
it is not possible to do this in constant round-complexity in the
LOCAL model. Therefore, instead of considering k-cuts we consider
sets of k vertices that resemble a k-cut locally. With a little luck,
those vertices are actually 1-cuts, but not all local 1-cuts are 1-cuts.
Indeed, consider a very long cycle. All vertices are local 1-cuts but
none are global 1-cuts. However, we can show that, if the graph has
bounded asymptotic dimension, there exists some constant r (that
does not depend on the graph) such the number of r-local 1-cuts
is bounded above by a function linear in MDS(G). Therefore, our
algorithm can take all local 1-cuts in the returned set. The case of
local 2-cuts is more complicated: there are graphs with w (MDS(G))
many vertices in 2-cuts. Indeed, consider a clique G of size n. Take
an arbitrary vertex of the clique u, and for all vertices v # u of
the clique, add a new vertex xy,, attached to {u,v} = N(xyy). This
creates a graph G which can be dominated solely by the vertex u.
However, all vertices of the original clique are in some minimal
2-cut, as {u, v} separates xy,, from the rest of the clique — there is an
unbounded number of vertices in minimal 2-cuts. This leads us to
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the definition of interesting vertices in 2-cuts, which we mentioned
in Subsection 3.2 and recall here. A vertex v € C is r-interesting for
some r > 2 if there exists some r-local 2-cut ¢ = {u, v} such that:

e N[v] € N[u] and
e at least two connected components of G[N"[c]] — ¢ contain
each a vertex non-adjacent to u.

The first condition is intuitive: one better take u instead of v if
N[v] € N[u]. The rough idea behind the second condition is that
it allows us to create a nice mapping from interesting vertices to
a minimum dominating set. In more detail, we give a tree-like
structure to the vertices in 2-cuts, and show the second condition
gives us the existence of some vertex d in a MDS satisfying the
following property: d is a successor of u in the tree-like structure,
and is at bounded distance from u in the tree-like structure. Now,
every interesting vertex u can charge this vertex d. We then show
that this d does not receive too many charges, because of the tree-
like structure of the interesting 2-cuts, and this allows us to bound
the number of interesting vertices. Let us do a quick recap of what
the algorithm has done until now: it has taken all local minimal
1-cuts and all interesting vertices in local minimal 2-cuts. Let us
consider an arbitrary local minimal 2-cut {u,v}. There are three
cases. First, if both u and v are interesting, the algorithm has taken
both vertices in its return set. All components attached to {u, v}
can now be solved independently. Secondly, if u is interesting and
v is not interesting, the algorithm has taken u in its return set.
Either N[v] € N[u] and all components attached to {u, v} can now
be solved independently, or u dominates all but one component
attached to {u, v}. In any case, all components attached to ¢ can now
be solved independently too, as only one undominated component
exists. Finally, if neither u nor v is interesting, then as the graph is
without true twins, one of u or v dominates all but one component
attached to {u,v}. Therefore, all components attached to {u, v}
can now be solved independently too. Now, one can prove that
the undominated vertices form connected components of bounded
diameter, and our algorithm can brute-force and G-dominate the
rest of the vertices in constant time.

The Algorithm. Let t > 2 be an integer. The following algorithm
computes an approximation of MINIMUM DOMINATING SET on the
class C; of Ky s-minor-free graphs. The algorithm is divided into
four steps:

(1) Remove true twins from the graph.

(2) Compute the set X of all vertices in minimal m3 2(C)-local
1-cuts, and add them to the returned Dominating Set.

(3) Compute the set I of minimal m3 3(C;)-interesting vertices
in ms 3(Cy)-local 2-cuts, and add them to the returned Dom-
inating Set.

(4) Let U be the set of already dominated vertices that have no
undominated neighbors. Dominate all other undominated
vertices, in every component of G — (X U I U U), using a
brute-force approach.

A more formal description of the algorithm is given below:

We can now state the main theorem of this section.
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Algorithm 1 Constant approximation for MINIMUM DOMINATING
SET

Require: An integer t, and G a K3 ;-minor-free graph
Ensure: S is a dominating set of G with |S| = O(MDS(G))
G « true-twin-less graph associated to G
S «— {0 € V(G) | {v} is a m3.2(Cr)-local minimal 1-cut of G}
S « SU {v € C| visams3(C)-interesting vertex of a
ms3 3(Cy)-local minimal 2-cut of G}
S «— S U (brute-forced minimum set of G that dominates G —
N[SD

THEOREM 4.1. For every integer t > 2, Algorithm 1 is a O;(1)-
round 50-approximate deterministic LOCAL algorithm for MINtMUM
DOMINATING SET on Ky ¢ -minor-free graphs.

Proof. Algorithm 1 clearly outputs a dominating set of G. By
Lemmas 3.2 and 3.3, the approximation ratio of the algorithm is
c3.2(1) +¢33(1) +1 = 50. [m}

It remains to argue that the number of rounds is bounded. To
do this, we need to argue that the brute-forcing performed takes
constant time.

LEMMA 4.2. For every integert, if C; is the class of Ko s-minor-free
graphs, there exists my 2(t) such that for every G € Cy, if X is the
set of vertices in m3 2(Cy)-local 1-cuts, I is the set of m3 3(C;)-locally
interesting vertices of G, andU = {u € N[IUX] | N[u] C N[IUX]},
then every connected component of G \ (I U X UU) has diameter at
most mq.2(t).

The proof of this can be found in the full version of this paper [5].

The asymptotic dimension of K3 ;-minor-free graphs is 1 by [3]
- Ky,; is planar so K3 ;-minor-free graphs have bounded treewidth
by the grid minor theorem. For C; the class of K3 ;-minor-free
graphs, the running time is max{ms_2(C;), m33(Cs), ma2(t)} =
3max {f(5) + 2, f(11) + 5} + g(t) + 3, where f is the control func-
tion of the class of K3 ;-minor-free graphs, and g the linear function
given in [9, Lemma 6.3]. Choosing f(r) = (5r + 18)t suffices, see [3,
Lemma 7.1]; and the running time of the algorithm is linear in .

The observant reader may be struck by the fact that the roles
of t and of the asymptotic dimension seem disjoint. This can
be highlighted with the following variant, which computes a
(c3.2(d) + ¢3.3(d) + 1)-approximation of MDS in a class of asymp-
totic dimension d, given its control function, with running time
that depends on f and the largest K3 ;-minor of the input graph
but does not require prior knowledge of it.

We can now state the following stronger version of Theorem 4.1.

THEOREM 4.3. For every integer d and control function f, Algo-
rithm 2 is a O;(1)-round (c3.2(1) + ¢3.3(1) + 1)-approximate deter-
ministic LOCAL algorithm for MINIMUM DOMINATING SET on graphs
in a class of asymptotic dimension d with control function f, where t
is the (unknown) size of a largest K ;-minor in the input graph.

As an added note, if one wishes to have an algorithm for Min-
iMUM VERTEX COVER instead of MINIMUM DOMINATING SET, it
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Algorithm 2 Constant approximation for MINIMUM DOMINATING
SET in a bounded asdim class

Require: An integer d, a control function f, and G a graph in a

class G of asymptotic dimension d with control function f
Ensure: S is a dominating set of G with |S| = O(MDS(G))

G « true-twin-less graph associated to G

S «— {0 € V(G) | {v} is a m3.2(G)-local minimal 1-cut of G}

S «— SU{v € C| vis ams3(G)-interesting vertex of a

ms3 3(G)-local minimal 2-cut of G}
S « S U (brute-forced minimum set of G that dominates G —
N[SD

suffices to take all m3 3(C;)-local 2-cuts instead of just m33(Cy)-
interesting vertices. On the analysis side, one can prove a simpler
variant of Lemma 3.3 that bounds the number of vertices in local
2-cuts with respect to the size of a minimum vertex cover. There-
fore, both Theorem 4.1 and Theorem 4.3 extend to the context of
MiINIMUM VERTEX COVER.

We conclude the “non-technical” part of the paper with the
following result, which shows a different trade-off: linear approxi-
mation in constant number of rounds.

THEOREM 4.4. For every integert > 2, there is a 3-round (2t — 1)-
approximate deterministic LOCAL algorithm (resp. t-approximate)
for MINIMUM DOMINATING SET (resp. MINImum VERTEX COVER) on
K3 ¢ -minor-free graphs.

As outerplanar graphs are a subfamily of K3 3-minor-free graphs,
this result generalizes the 5-approximation algorithm of [4] on
outerplanar graphs in the case of the LOCAL model. The proof of
Theorem 4.4 can be found in the full version of this paper [5].

5 Proofs

5.1 Proof of Proposition 3.1: From Local to
Global

Let G € D. By the definition of the asymptotic dimension applied to
G, there is a cover By, By, . . ., By of G where each 2k +3-component
of a B; is f(2k + 3)-bounded. Note that each B; contains distinct
2k + 3-components which are of distance at least 2k + 4 from each
other. With an abuse of notation, when we write B € B; we mean
that B is a 2k+3-component of B;. That is, we treat B; as the set of its
2k + 3-components. Let A be an a-approximation algorithm for C
with round complexity r. Let us run the same algorithm on graphs
from D. By the covering property, |A(G)| < Z?:O |A(G) N Bjl.
Leti € {0,1,...,d} and B € B;. We have the following:

Cram 5.1. G[N**1[B]] € C.

Let v € B. Because D is (f(2k + 3) + k + r)-locally C, G’ =
G[NS@k+3)+k+r[4]] € C. Moreover, N¥*1[B] C G’ because B has
weak diameter at most f(2k + 3) and because r > 1. Therefore, as
C is hereditary, G[N**1[B]] € C.

By assumption on A, |[A(G') N B| < « - MDS(G’, N¥[B]) <
a - MDS(G, N¥[B]) as G’ contains Né“ [B]. As N[ [B] € V(G'),
vertices in B have the same distance-r neighborhood in G and G’.
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Therefore, |A(G) N B| = |A(G’) N B| < a - MDS(G, N¥[B]). Using
this, along with Lemma 5.2 and that every B; is partitioned into
2k + 3-components, we get for every i € {0,1,...,d} that |A(G) N
Bi| < Xgep; ®-MDS(G, NK[B]) < a-MDS(G). Putting everything
together we get

d
lAG)| < Y IAG) NBil < a-(d+1)-MDS(G).
i=0
This completes the proof of Proposition 3.1.

5.2 Proof of Lemma 3.2: Bounding the Number
of Vertices in Local 1-cuts

We will need the following lemma for the rest of the proofs in this
section.

LEMMA 5.2. LetG beagraph andletRo, Ry, ..., Ry € V(G) subsets
of vertices such that all N[R;] are pairwise disjoint. Then

k
ZMDS(G,Ri) < MDS(G) .
i=0

Let us now prove Lemma 3.2.

We did not try to optimize the constants c3 3(d) and ms3.2(C).
Let f be the d-dimensional control function of the graph class. We
prove the lemma for ¢32(d) =3 - (d + 1) and m32(C) = f(5) + 2.
Without loss of generality, we can assume G is connected. We
will first prove there are not too many 1-cuts in some S C V(G)
compared to MDS(N[S]).

Cram 5.3. Let G be a graph and S C V(G). Let C be the set of
minimal 1-cuts of G. Then |CN S| < 3-MDS(G, N[S]).

Let us prove this claim. Without loss of generality, we can assume
G is connected. Let C be the set of 1-cuts of G and B the set of
maximal 2-connected components of G. Let T be the bipartite graph
with vertex set BUC and with edge set E(T) = {(b,c) € BXC | c € b}.
T is sometimes called the block-cut tree of G and can be proven to be
a tree. Moreover, note that all leaves of T are in B. Let S C V(G), and
D C N?[S] a dominating set of N[S]. We prove that [CNS| < 3|D|.If
CNS =0, we are done. Otherwise, root T at an arbitrary cut-vertex
r. We have the following:

CramMm 5.4. Letc € CN S. Then there exists b such thatc € b € B
such thatbN D # 0.

This is because all vertices of C N S must be dominated by some
vertex of D. Therefore, either ¢ € D and then we are done as there
exists some b € B such that ¢ € b, or either there exists a € D N
N{c]. This a must be contained in some neighboring 2-connected
component, therefore there exists b € Bsuch thata € b,i.e. bND # 0.

In the following, we create a mapping from vertices of C \ D to
D. Consider ¢ € C \ D. There are 3 different cases.

e Either ¢ has a child b € B with some d € bnND N N(b), and
in this case, we map c to d.

e Or either ¢ has an descendant ¢’ € C N N(c) (at distance
2 in T), and the previous claim still applies to ¢’: ¢’ has an
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descendant b’ € Bin T such that there exists d € dINDNN(c’).
We map c to d.

e Or ¢ has no descendant in CNNN(c). In this case, as ¢ cannot
be aleaf of T, there exists a child b € B of ¢, with the property
that b\ C # 0. As D dominates N[S], b must contain a vertex
d # ¢ of D. We map c to b.

Therefore, we created a mapping from vertices of C \ D to vertices
of D. Furthermore, each vertex from D can appear at most twice in a
preimage. Indeed, for some d € D, only an ancestor in C at distance
1or3inT can be mapped to it. In conclusion, |C| < |CND|+|C\D| <
|D| + 2|D| = 3|D|.

We can now get a bound on the number of local 1-cuts.

Cramv 5.5. Let G be a graph of asymptotic dimension d with
control function f. Then, the number of (f(5) + 2)-local 1-cuts is
bounded by 3(d + 1) - MDS(G).

This will directly imply the statement of the lemma. Let r a
positive integer and C be the set of (f(5) + 2)-local cuts of G. Fix
B C V(G) such that G[B] has weak diameter f(5). We claim the
following:

Cramm 5.6. Every (f(5) + 2)-local 1-cut of G that is in B is also a
1-cut of G[N?[B]].

Indeed, let v € Bbe a (f(5) + 2)-local 1-cut of G and a,b € N(v)
separated by o, i.e. every ab-path of G of Nf(5)*2[4] contains o.
Notice that N2[B] € Nf(®)*2[y] because B has weak diameter at
most f(5). a and b are separated by v in G[N?[B]], because a,b €
N?[B] and because no ab-path in N[B] \ {v} exists. Therefore,
Claim 5.6 is proven.

Using this fact and with the help of Claim 5.3, we can bound the
number of 1-cuts of G[N?[B]] in B by 3- MDS(G[N?[B]], N[B]) <
3 - MDS(G, N[B]). By the definition of the asymptotic dimension,
there is a cover By, By, . . ., By of G where the 5-components of a B;
are f(5)-bounded. Note that each B; contains distinct 5-components
which are of distance at least 6 from each other. With an abuse of no-
tation, when we write B € B; we mean that B is a 5-component of B;.
That is, we treat B; as the set of its 5-components. As By, By, ..., By
is a cover of V(G) by subsets of diameter at most f(5), we can
bound the number of (f(5) + 2)-local 1-cuts of G by summing the
number of 1-cuts of all the G[N?[B;]]’s. We get

d
€l < > > 3-MDS(G,N[B]) .

i=0 BeB;

Notice that because the B;’s are partitioned into their 5-components,
all elements of {N?[B] | B connected component of B;} are pair-
wise disjoint.

Therefore by Lemma 5.2, we get

d
Ic] < ZS-MDS(G):3(d+1)-MDS(G).
i=0

This finishes the proof of Lemma 3.2.
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5.3 Proof of Lemma 3.3: Bounding the Number
of Interesting Vertices

When discussing global 2-cuts and not local ones, we say v is inter-
esting if there exists a 2-cut ¢ = {u, v} such that:

e N[v] € N[u] and
e at least two connected components of G — ¢ contain each a
vertex non-adjacent to u.

Moreover, v is called a friend of u, and a 2-cut {u,v} where u is
interesting and v is a friend of u is called interesting. If u only has
the second property, it is called almost-interesting.

Two 2-cuts ¢y, c2 of G are said to be crossing the two following
conditions are verified:

o the two vertices of ¢; are in different components of G — ¢z,
and
o the two vertices of ¢y are in different components of G — cy.

Before bounding the number of interesting vertices in local 2-
cuts, we first need to arrange the interesting cuts in a tree-like
fashion, i.e. we want to build a bounded number of families of 2-
cuts such that each member of the family contains interesting 2-cuts
that are all pairwise non-crossing, and such that each interesting
vertex appears in one family member, along with one of its friends.

One can easily see that a family of size 2 does not suffice by
considering Cg. If we want to only take interesting cuts in this
graph, we need to take the 3 opposing cuts. In more detail, if the
vertices {a, b, c,d, e, f} of Cg appear in clockwise order a,b,c,d,e and
f, then we need to take the interesting cuts {a, d}, {b, e} and {c, f}.

To create our new 2-cut forest for interesting vertices, we need
to introduce SPQR trees.

SPQR Trees. An SPQR tree is a tree data structure that represents
the decomposition of a 2-connected graph into its 3-connected
components. The construction of an SPQR tree can be accomplished
in linear time and SPQR are known to have applications in dynamic
graph algorithms and graph drawing.

An SPQR tree T is an unrooted tree where each node p corre-
sponds to an undirected skeleton graph Gy, that can be one of the
following four types.

e S-node: Gy, is a cycle containing three or more vertices. This
represents series composition in series-parallel graphs.

e P-node: G corresponds to a dipole graph, a multigraph
with two vertices and three or more edges, analogous to
parallel composition.

e O-node: G, corresponds to a dipole connected by two par-
allel edges: one real and one virtual. This serves as a trivial
case for graphs with two parallel edges. We will not consider
these types of nodes.

® R-node: G, is a 3-connected graph that is neither a cycle
nor a dipole.

Edges xy between nodes in the SPQR tree are associated with
two directed virtual edges, one from Gy and the other from Gy.
Each edge in Gy can be a virtual edge for at most one edge in the
SPOR tree.
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The SPQR tree represents a 2-connected graph Gr, constructed as
follows. If xy € E(T) is associated with the virtual edge ab € E(Gx),
and with the virtual edge cd € E(Gy), then identify a with ¢ and b
with d, and delete the two virtual edges. Notably, no two adjacent
S or P nodes are allowed, ensuring the uniqueness of the SPQR
tree representation for a graph G. When such conditions are met,
the graphs Gy associated with the nodes of the SPQR tree are the
triconnected components of G.

PROPOSITION 5.7 (FOLKLORE). Let T be a SPQR tree of a graph
G (without Q nodes) and let {u,v} be a 2-cut of G. Then one of the
following holds:

® u,v are two endpoints of a virtual edge of a R-node, or

o u,v are the two vertices of a P-node that has at least two virtual
edges, or

® u,v are two endpoints of a virtual edge of a C-node, or

® u,v are two non-adjacent vertices of a C-node.
We can now build our tree-like structure for interesting vertices.

Interesting 2-cuts Forests. An interesting 2-cut forest F =
(T1, T2, T3) of G consists of three trees Ty, T, and T3 whose vertices
contain subsets of V(G). Like SPQR trees, T; contains nodes that
are induced subgraphs with some virtual edges added. Every T;
has nodes can be of three types: A-nodes, for 1-cuts, C-nodes, for
interesting 2-cuts, and R-nodes for the rest. T, has still C-nodes and
R-nodes.

If G is has no 1-cut or interesting 2-cut, T; consists of a R single
node y =G.

If G has a 1-cut v, we construct T; inductively. First, we add a
A-node p to T;. The graph associated to p consists of the vertex v.
Secondly, let Cq, Cy, . . ., Cg be the connected components of G — v.
Let Gj be the graph G[C; U {v}]. Build a corresponding 2-cut tree
Tg; for the graph G;. Let 1 be the (unique) node in T, that contains
0. We can now construct T; by taking the union of all Tg;’s and
connecting all yi;’s to p1.

Now, let us handle the case of interesting 2-cuts. We do this by
going through a SPQR tree T of G and building sets of 2-cuts Py, P2
and P3 with the following properties:

o for every globally almost-interesting vertex u of G, there
exist some i and some friend v of u such that {u, v} € P;, and
e for every i, the 2-cuts in P; are pairwise non-crossing.

The second property allows us to transform P; into a 2-cut tree Tj,
as follows. First, take some arbitrary ¢ € P; and a C-node p to T;.
The graph associated to y consists of vertices of ¢ = {u,v} and a
real (respectively virtual) edge uv if uv is a real (resp. virtual) edge
of G. Secondly, let Cq, Cy, . .., Cy be the connected components of
G —c. Let G; be the graph G[C; U c] to which we add a real edge
uv if uv ¢ G[C; U c]. Build a corresponding interesting 2-cut tree
T, for the graph G;. Let yi; be the (unique) node in T, where uo
is real. We can now construct T; by taking the union of all Tg,’s,
making uo virtual in all y;’s, and connecting all y;’s to p.

We first build the sets P;, P, and P3. We then prove the two
wanted properties in Proposition 5.8.
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Add the vertices u and v to Py if:

e u,v are two endpoints of a virtual edge of a R-node of T, or
if

e u, v are the two vertices of a P-node of T that has at least
two virtual edges.

Let us now handle the case of C-nodes. Let p be a C node of the T.
If p contains more than 6 nodes. Let vg, v1, . . ., vg_1 be the nodes of
1 in the order of the cycle. First, put all {u, v} in P; if uo is a virtual
edge. Secondly, we add some 2-cuts to the P;’s depending on the
values of k:

(1) If k > 8 and k is even: add to P; the 2-cuts {vg,vr_3},
{v1,0k_4}, ..., and {v(x/2)_3,0k/2}, and to Pp the 2-cuts
{v(k/2)-2,vk-1} and {v(g/2) -1, 02}

2 If k > 8 and k is odd: add to P; the 2-cuts
{vo.,op-3},  {onog—al, s {O((k-1)/2)-3 V(k+1)/2}
and {v((k-1)/2)-3-9(k-1)/2}- Add to P, the 2-cuts
{o((k-1)/2)-2>vk-1} and {o((k-1)/2) -1, Ok -2}

(3) If k = 7, add to P; the 2-cut {vg,v3} and {0, v4}, to Py the
2-cut {v1,v5} and to P3 the 2-cut {v2, v6 }.

(4) If k = 6, add to Py the 2-cut {vg, v3}, to Py the 2-cut {v1,v4}
and to P3 the 2-cut {v2,05}.

(5) If k < 5 but G # Cy, suppose without loss of generality that
the edge vov; is virtual. Moreover, suppose that it is the only
virtual edge of the C-node. If k = 5, add to P; the 2-cut {v, v2}
and to Py the 2-cut {v1,04}.

(6) If k < 5but G # Cy, and the edges vgv; and vovy_ are virtual:
add to P; all the 2-cuts {vg,v;} fori=2,3,..., k—2. Moreover,
if k =5, add to P, the 2-cut {v1,0p_1}.

(7) If k < 5but G # C. and there exists i € {2,3,...,k -2} such
that the edges vov; and v;0;41 are virtual: add to P all the
2-cuts {vg,v;} for j =2,3,...,i, and add to P, all the 2-cuts
{op,oj}forj=i+1,i+2,..., k-1

PRrOPOSITION 5.8. Let P1, Py and P3 be built as described above.
Then the two following properties are verified:

o for every globally interesting vertex u of G, there exist some i
and some friend v of u such that {u,v} € P;, and

o for every i, the 2-cuts in P; are pairwise non-crossing.

Proof. One can easily see that 2-cuts of P; in the same C-node
are taken in such a way that they do not cross. This also applies
2-cuts inside the same nodes inside the same P or R-node. Moreover,
2-cuts inside the different nodes of the SPQR tree cannot cross by
Proposition 5.7. Therefore, the second property is proven.

We will show that every globally interesting vertex u of G ap-
pears in some P; with one of its friends. As we take all 2-cuts in
R-nodes and P-nodes, then by Proposition 5.7 the only case where
we could have not taken an interesting vertex with its friend is
inside a C-node. We prove that is however not the case. Let us
consider a C-node y with k vertices. We go through all the possible
cases.

o If k > 8 and k is even: one can verify that all 2-cuts chosen
are interesting, and that every vertex of the cycle is in one
of the chosen cycles. Therefore we are done with this case.
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e The same applies if k > 8 and k is odd, or if k = 7,6, by
checking each case.

o If G = Cy with k < 5, there are no interesting vertices.

o If k < 5 but G # Cg, and the only virtual edge of y is vov;.
Consider the node connected to p by this virtual edge. If it
is not a P-node, name this node y’. If it is a P-node, let p’
be one of its neighbor different from p (it exists as every
P-node has degree at least 2 in T). Let us handle the case
k =5 first. Notice that by definition, V(¢’) \ V(1) # 0. Let us
prove that 2-cuts {vg, v2} and {v1, v4} are interesting. First,
their one component in y is not fully dominated by either
of the vertices of the cuts. Moreover, in each of the two 2-
cuts, one of the vertices is not connected to any vertex of
V(i) \ V(p). Finally, N[v1] € N[v4], N[vo] € N[v2], and
inversely. Therefore the 2-cuts {vg,v2} and {v1,0v4} are in-
deed interesting. The only vertex that needs checking is now
v3. We claim that v3 is not interesting. Indeed, any 2-cut in
[ containing v3 is not interesting. Moreover, v3 cannot have
a friend outside of V() by Proposition 5.7. Therefore, v3
is not interesting. All interesting vertices are now taken in
some P;, and all chosen 2-cuts in y are chosen. We are done
with this case. If k = 4 (resp. k = 3) then for similar reasons,
vertices v2 and v3 (resp. v2) are not interesting. In both cases,
all possibly interesting vertices are taken in the 2-cut {vg, v1}
(taken because the edge vyv; is virtual). All other 2-cuts in y
containing either vy or v; are not interesting. Therefore, we
are done with this case.

o If k < 5but G # Cy, and the edges vov; and vgvy_1 are virtual.
Consider the node connected to p by the virtual edge vgo;. If
it is not a P-node, name this node p;. Ifitis a P-node, let y; be
one of its neighbor different from y (it exists as every P-node
has degree at least 2 in T). Define similarly the node g, for the
virtual edge vovg_1. Leto; € V(u))\V(p).Fori=2,3,..., k-2,
the 2-cuts {vg, v;} are interesting because v; is not adjacent to
v; norvy,and N[vg] € No;], and inversely. If k = 5, the 2-cut
{v1,0k_1} is interesting because v1v; ¢ E(G), v1v3 ¢ E(G)
and N[ovg_1] € N[ov1], and N[o1] & Nvg_¢]. If k =5, all
vertices are taken in interesting 2-cuts. If k = 4, 99 and vy
are taken in interesting 2-cuts. All other 2-cuts contained
only in y containing either vg or v; are not interesting. The
2-cuts {vg, v1} and {vg, v3} are taken anyway, so it they are
interesting, we took them in P;. Otherwise, it does not matter:
if there is an interesting 2-cut containing v1 or vs, it will be
taken in another node. The case k = 3 is similar.

o If k < 5but G # Cy and there exists i € {2,3,...,k —2} such
that the edges vov1 and v;v;41 are virtual. Without loss of
generality, we can consider that i = 2 and k € {4, 5}. Consider
the node connected to y by the virtual edge vgv;. If it is not a
P-node, name this node y;. If it is a P-node, let pi] be one of
its neighbor different from p (it exists as every P-node has
degree at least 2 in T). Define similarly the node p;, for the
virtual edge v;v;11. Let o] € V(1)) \ V(p). If k = 5, for similar
reasons as in the last case, because of the existence of vi
and v}, the cuts {0, 02}, {01,03} and {v1,v4} are interesting.
Therefore if k = 5, all vertices are taken in interesting 2-cuts
and we are done. If k = 4, the 2-cut {vg, v2} (resp. {v1,0v3}) is
interesting if and only if N[vg] € N[v2] or N[v2] € Nuvo]
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(resp. N[ov1] € N[ovs] or N[vs3] € N[v1]). If they are inter-
esting, we took them, otherwise it does not matter: we have
taken all possibly interesting 2-cuts. We are done with this
case.

Therefore, the first property is proved.

We say that T; displays the vertices u and v through the node p.
A vertex that is part of an interesting minimal 2-cut but that is not
displayed by T is called hidden. F displays u if at least one of the
T;’s displays u.

COROLLARY 5.9. Let G be a 2-connected graph, S € V(G) and k be
a constant depending on the graph. Suppose that for any interesting
2-cut tree, the number of vertices u € S that appear with some friend
v such that {u,v} is an interesting cut displayed by T is bounded by
k. Then if C is the set of interesting vertices in 2-cuts, |C N S| < 3k.

Bounding the Number of Interesting Vertices. We now can prove
Lemma 3.3. We did not try to optimize the constants c3 3(d) and
m3.3(C). Let f be the d-dimensional control function of the graph
class. We prove the lemma for ¢33(d) =22 - (d + 1) and m33(d) =
f(11) + 4.

Without loss of generality, one can assume that the graph is
2-connected. Indeed, if it is not, one can split G into 2-connected
component and do the analysis on those components. Let T be a
2-cut tree of G, rooted at an arbitrary C node. Let D be a dominat-
ing set of N*[S] in G using vertices in N°[S]. Let I be the set of
interesting vertices displayed in T and I’ = I N S. Let us prove this
claim first.

Craim 5.10. |I’| < 6 - MDS(G, N*[S]).

Let u ¢ D be an interesting vertex displayed in T and v be a friend
of u, i.e. a vertex such that ¢ = {u, v} is a 2-cut with two components
of G — ¢ not dominated entirely by v, and with N[u] ¢ N[v]. Let
us first prove the following claim:

CrAIM 5.11. There exists d € D such that dg(u,d) < 5 and d is
lower in T than u. Moreover, the interesting-ness of a vertex is certified
by wvertices at distance at most 4.

Let p a node of T below c that is contained in a component C
of G — ¢ not fully dominated by v. Let w € C a vertex that is not
dominated by v and that minimizes dg (u, w). w will be our witness
of interesting-ness of one of the components. If one wishes to get
the witness of another component C’, one can apply the same
technique on w’ € C, a vertex not dominated by v that minimizes
dg(u,w’). Note that w is well-defined by definition of C. Let us
first prove that dg(u, w) < 4. Note that w € C and therefore w is
lower in T than u. If there exists some x € (N(u) \ N(v)) N C, one
can take w = x and then dg (u, w) = 1. Otherwise, take y € N(w)
such that dg (u,y) < dg(u, w). By minimality of d(u, w), y € N(v).
Take x € (N(u) N N(v)) N C. Such a x always exists, because c is a
minimal 2-cut (i.e. N(u) N C # 0). The path wyovxu exists, therefore
d(u, w) < 4. One can chose a dominating vertex of D adjacent to w
ifw ¢ D, ord=wifw e D. By the triangle inequality, d(u,v) < 5,
and Claim 5.11 is proven.

Let g : I’ \ D — D afunction that we define later as our charging
function. Let d € D be a vertex of a node lower than u in T and
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such that d(u, d) < 5, chosen to be one of the highest in T among

all possible candidates. Note that d is well-defined by Claim 5.11.

We set q(u) := d and say that u charges d. Now, we bound the size
of the preimages of q.

For a fixed d € q(I’NS), choose u € ¢~ ! ({d}) highest in T. Again,
by Proposition 5.8 there exists v a friend of u displayed in the same
node as u. v can be chosen highest-in-T among all the possible
candidates. Let y1, := {u, v} and g be the highest-in-T R-node that
contains d. Notice that even though d may appear lower in T than
114, there cannot be any interesting vertex charging d lower than 4,
as this would mean some interesting vertex charges a vertex higher
than itself, which is not possible. Let y’ the lowest-in-T C-node that
is higher than py. Let F be the set of C-nodes of T that are between
uy and g/ (both non-included), that form interesting 2-cuts, and

such that one of the interesting vertices in the cut is in S \ {u}.

There are two possible cases.

e Either there exists some ¢ € F such thatcNN[v] =cnp’ = 0.

In this case, let w be the interesting vertex of c. We get a
contradiction because w cannot be dominated by v nor a
vertex below it, as d is lower than p’.

e Therefore, all ¢ € F either contain some w € i’ or contain a
vertex dominated by v. Notice that if w exists, it is unique
for all ¢ € F. Therefore, F is partitioned in two sets: Fa, the
set of ¢ € F that contain w, and Fy, the set of ¢ € F \ F; that
contain some vertex dominated by v. Furthermore, all the
c € F; appear higher in the tree than the ¢ € F,. We claim that
g ' ({d}) € py U i’ U pie for some pe € F U {0}. Let us first
prove that then all ¢ € F; but one 2-cut contain v. Let y. be

the highest C-node of F; that does not contain o, if it exists.

If it does not exist, set yc = 0. Suppose there exists a ¢’ € F
strictly below p.. All vertices of ¢’ cannot be dominated by
v. We are not in the first case, therefore ¢’ must contain
some vertex of pi, i.e. ¢ € Fy. Let ¢ € Fy \ {pic} if pic exists,
else let ¢ € Fy. Let x € g~ 1({d}) be an interesting vertex in ¢
different from u. x and its neighbors can only be dominated

by v, therefore N[x] C N[v] and x cannot be interesting, i.e.

x does not exist. Similarly, let ¢ € F and let x € ¢~ 1({d}) be

an interesting vertex in ¢ that is not in g U g/, if it exists.

x and its neighbors can only be dominated by w, therefore
N[x] € N[w] and x cannot be interesting, i.e. x does not
exist.

We therefore get that |g~1({d})| < 6 - MDS(G, N*[S]). This
proves Claim 5.10. Moreover, by Corollary 5.9, we get the following
claim.

CraM 5.12. The number of interesting vertices of G in S is at most
19 - MDS(G, N*[S]).

We can now get a bound on the number of interesting vertices
in local 2-cuts.

CrLamm 5.13. Let G be a graph of asymptotic dimension d with
control function f. Then, the number of (f(11) + 5)-local interesting
vertices is bounded by 22(d + 1) - MDS(G).

This will directly imply the statement of the lemma. Fix B C V(G)
such that G[B] has diameter f(11). We claim the following:
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CramM 5.14. Every vertex in a (f(11) + 5)-local 2-cut of G that is
in B is also a in a 1-cut or a 2-cut of G[N°[B]].

Indeed, let v € B such that ¢ = {u, 0} is a (f(11) + 5)-local 2-cut
of G. Let a,b € N(v) \ ¢ two distinct vertices separated by o, i.e.
there are not two internally-disjoint ab-paths in G [Nf (an+5 [c]]-c.
Notice that N[B] C Nf(D)+5 [c] because B has weak diameter at
most f(11). ab are separated by ¢ in G[N[B]], because a,b € N[B]
and because no two disjoint ab-paths in N[B] C c exist. Therefore,
Claim 5.14 is proven.

Every interesting vertex of B is either a 1-cut of G[N°[B]] or
in a 2-cut of G[N°[B]] and interesting in G[N®[B]]. Indeed, by
Claim 5.11, the interesting-ness of a vertex is certified by a vertex
at distance at most 4.

By Claim 5.3, we can bound the number of vertices in 1-cuts
of G[N®[B]] in Bby 3MVC(G[N°[B]], N[B]) < 3MVC(G, N[B]),
and by Claim 5.12, we can bound the number of interesting ver-
tices of 2-cuts of G[N°[B]] in B by 19 MVC(G[N°[B]], N*[B]) <
19 MVC(G, N*[B]).

By the definition of the asymptotic dimension, there is a cover
By, Bi,...,Bg of G where the 11-components of B; are f(11)-
bounded. Note that each B; contains distinct 11-components which
are of distance at least 12 from each other. With an abuse of nota-
tion, when we write B € B; we mean that B is a 11-component of B;.
That is, we treat B; as the set of its 11-components. As By, By, . .., Bg
is a cover of V(G) by subsets of diameter at most f(11), we can
bound the number of (f(11) + 5)-local 2-cuts of G by summing
the number of 2-cuts of all the G[N*[B;]]’s. Let I be the set of
interesting vertices in (f(11) + 5)-local 2-cuts of G. We get

d
Il < > > (3-MDS(G,N[B]) + 19 - MDS(G, N*[B])) .
i=0 BEB;
Notice that because the B;’s are partitioned into
their ~ 11-components, all elements of {N°[B] |

B connected component of B;} are pairwise disjoint. There-
fore by Lemma 5.2, we get

d
I < Z 22 - MDS(G) = 22(d + 1) - MDS(G) .
i=0
This finishes the proof of Lemma 3.3.

The full version of this paper is available on arXiv, see [5].
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